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Abstract

The aim of this thesis is to study the problems of global existence of solutions for non linear evolution

equations.

We first consider the coupled Gierer-Meinhardt systems with homogeneous Neumann boundary condi-
tions. By using the technique of Lyapunov function we prove global existence of solutions. Under suitable
conditions, we contribute to the study of the asymptotic behaviour of solutions. The basic idea of this
result is a Lyapunov function which is non increasing function. These results are valid for any positive
initial data in C(£2), without any differentiability conditions. Moreover, we show that under reasonable
conditions on the exponents of the non linear terms the solutions for considered system blow up in finite

time.

The second part is devoted to study the uniform boundedness and so global existence of solutions for a
Gierer-Meinhardt model of three substances described by reaction-diffusion equations with homogeneous
Neumann boundary conditions. The proof of this result is based on a suitable Lyapunov functional and

from which a result on the asymptotic behaviour of the solutions is established.

In the third and the last part, we investigate the local existence and uniqueness of mild solution for
some hyper-viscous Hamilton-Jacobi equations. Under suitable conditions, the local existence of weak and
strong solution, and the uniqueness of strong solution are also studied for considered problem. Moreover,

we show the blow up in finite time of weak solution for some fractional Hamilton Jacobi-type equations
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CHAPTER 1

Introduction

It is well known that, the global existence of solutions for the non linear evolution equations is one of
the fundamental question from the mathematical point of view. Inspired by this question, we first study
in this thesis the large-time behaviour and blow up of solutions for Gierer-Meinhardt systems. Then we
investigate the boundedness and large-time behaviour of solutions for a Gierer-Meinhardt system with
three equations. Finally, we prove the local well-possedness for some fractional Hamilton-Jacobi-type

equations.

In the second chapter, we improve the proof of global existence of solutions for coupled Gierer-
Meinhardt systems with homogeneous Neumann boundary conditions. Our technique is based on a
Lyapunov functional argument which yields the uniform boundedness of solutions. Under suitable con-
ditions, we contribute to the study of the behaviour of the solutions. Moreover, we show that under
reasonable conditions on the exponents of the non linear terms the solutions for considered system blow

up in finite time. These results are valid for any positive initial data in C'(€2), without any differentiability

conditions.

The third chapter is generalization of the previous chapter. We first treat the uniform boundedness
of the solutions for Gierer-Meinhardt systems of three equations with homogeneous Neumann boundary
conditions. Our technique is based on a Lyapunov functional, and by this method we also deal under
suitable conditions the long-time behaviour of solutions as the time goes to 400 for considered system.

These results are valid for any positive continuous initial data on €.

In the forth chapter, under suitable conditions on s, and the exponents 5 and « of the non linear
term, we treat the local existence of weak solution for some fractional Hamilton-Jacobi-type equations .

Moreover, we show the blow up in finite time of weak solution for considered problem.

Finally, we study the short-time existence and uniqueness of mild solutions for the same family of hyper-
viscous Hamilton-Jacobi equations which been studied by Bellout, Benachour and Titi [5], with conditions
on the exponents [ of the non linear term. We also investigate the local existence and uniqueness of strong
solutions for some fractional Hamilton-Jacobi-type equations perturbed by the fractional s Laplacien, and

the non linearity is of polynomial growth.

1. The Gierer-Meinhardt model

In the first part, we consider a general Gierer-Meinhardt system with the constant of relaxation time

T.
O — mAu = —bu+ f(u,v) inR* xQ,
(1.1)
T% — asAv = —byv + g(u,v) in RT x €,
where

f(ua U) - pl(x7 u, U)% + al(x)7
(1.2)
g(ua U) - pz(x, u, U)Z% + 0-2(37)7
4
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with boundary conditions

ou  Ov
o0~ o 0 onR" x 09Q, (1.3)
and initial data
u(0,2) = ¢1(x), v(0,2) = po(x) in €. (1.4)

Here Q is an open bounded domain in RY with smooth boundary 052, a% is the outward normal derivative
to 0. The initial data are assumed to be positive and continuous on Q.

The constants 7, p;, ¢;, a; and b;, 2 = 1, 2 are real numbers such that
7>0,p,>0,¢>0,a >0 and b > 0.

We assume that o1, o9 are positive functions in C(Q), and p;, py are positive bounded functions in
CH(Q x R%).

In the second part, we consider the Gierer-Meinhardt type system of three equations

(%~ aAu=—bu+ f(uv,w), R xQ

)

X % — a2 Av = —bov + g(u,v,w), in RT x Q, (1.5)

\ %_z: — azAw = —bzw + h(u,v,w), in RT x Q,

where

fu,v,w) = py(x, u,v, w)#ﬁhc) + o1(x),

g(u, v, w) = po(x, u, v, W) 2 4 09(), (1.6)

| h(u,v,w) = pg(az,u,v,w)% + o3(x),

with homogeneous Neumann boundary conditions
0 0 0
T Uy onRTx9Q, (1.7)
on 9In  On
and initial data

u(0,2) = ¢1(x), v(0,2) = po(z) and w(0,x) = @3(x), in Q. (1.8)

Here € is an open bounded domain in RY with smooth boundary 0 and outer normal n(z). The

constants ¢, p;, qi, i, a; and b;, i = 1, 2, 3 are real numbers such that
C, Piy qi, Ti > 0 and aj, bz > 0.

The initial data are assumed to be positive and continuous functions on Q. For i = 1, 2, 3, we assume

that o; are positive functions in C'(Q), and p; are positive bounded functions in C*(Q x R?).

The Gierer-Meinhardt equations are included in the class of reaction-diffusion system. This model was
formulated by Alfred Gierer' and Hans Meinhardt® in 1972, (see [13]). It describes the morphogenesis

1Alfred Gierer (April 15, 1929 in Berlin) is a German physicist , professor and director ( emeritus ) at the Max Planck Institute for Developmental Biology in

Tiibingen , which refers to biology (including exploration of the tobacco mosaic virus TMV), Biophysics and history philosophy of science has specialized.
2 Hans Meinhardt (23 December 1938 ) is a German scientist . He studied physics in Cologne and Heidelberg and a PhD 1966th He then worked for two years

at CERN in Geneva on computer simulations .Then he turned to biology to and joined the Max Planck Institute for Developmental Biology in Tiibingen .
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of organisms, and the pattern formation of tissue in particular. The central question is: if all cells of an
organism start out the same, how can it be that they could grow out so differently? Sometimes, starting
from almost homogeneous tissue, spatial patterns and different structures are formed, and these patterns

could be independent of the total size of the tissue.

In 1952, Alan Turning® [49] already published a paper on morphogenesis which showed that a system
of coupled reaction-diffusion equations can be used to describe differentiation and spatial patterns in
biological systems. Gierer-Meinhardt used Turning’s conclusions to describe biological pattern differential
more thoroughly. They constructed a model consisting of two partial differential equations of reaction-
diffusion type. It describes the concentration of two different kinds of substances, called the activator and

inhibitor system.

An example of a model that Gierer-Meinhardt found for the activator v and the inhibitor v is
2
& _ D, Au+p, (%—u),
(1.9)

%:DvAer,OU (uz—v).
Here A is the Laplace operator which depends on the space dimension. In a two dimensional system
A= 88_;2' D, and D, are the diffusion rates of the activator u and the inhibitor v respectively, and p,, p,
are the corresponding cross-reaction coefficients. to prevent activator from infinite growth the inhibitor
should show down the increase of u. This means that the diffusion on v should be faster than the diffusion

of u, i.e. D, > D,. For further explanation, see [26].

Another model of biological pattern formation, which proposed by Gierer and Meinhardt [13] to
explain transplantation experiments on hydra mathematically are well-known. They can be expressed in

terms of systems of reaction-diffusion equations of the form

'y .
g—?:alAu—ulu—k%#—a, in RT x Q,

(1.10)
W = apAv — pov + &, in R x ,
on a bounded 2 C RY, with the homogeneous Neumann boundary conditions and positive initial data.
ai, as, pM1,M2, O are positive constants, and p, ¢, r, s are non negative constants satisfying the basic

relations

—1
P < d .
r s+ 1
Here u = (uq, ug) is the unknown; uy, wus represent concentrations of two substances, called activator and
inhibitor. (For biological meanings of these parameters, and numerical treatment of the above equations,

see [13]).

The following system that was obtained in [13] is an activator-substrate system. This is based on
another way to stop the growth of the activator. The inhibitor could also be achieved by the depletion of
a substance v that is required for the auto catalysis. In this case, the system is called an activator-substrate

system. In its simplest form it looks like

% = D,Au + p,(u?v — u),

% = DyAv + p,(1 — uv).

3 Alan Turning : Born: 23 June 1912, London, England. Died: 7 June 1954 (aged 41), Cheshire, England. Fields: Mathematics, crypt analysis, computer

science, Biology. Institutions: University of Manchester, Government Code and Cypher School, National Physical Laboratory, University of Cambridge. Thesis: Systems

of Logic based on Ordinals (1938). Notable awards: Smith’s Prize (1936), OBE, FRS|3].




2. Applications of the Gierer-Meinhardt model 7

The parameters have the same meaning as in (1.9). Here v is supposed to be antagonist. Again, the
inhibition caused by the substrate is only effective if D, > D,.

2. Applications of the Gierer-Meinhardt model

In biological structures, polygonal patterns are very common. Think about a giraffe’s coat or the veins

in the wings of a dragonfly.

Figure 2: Polygonal patterns:

Giraffe’s skin Veins in wings of a dragonfly

The main difference between the morphogenesis of the coat of a giraffe and the veins in the wings
of a dragonfly, is that the patterns on a giraffe, once formed does not change. This is not the case for
the dragonfly. The veins in its wings are not produced in a single step at a particular moment of the

development. Therefore, the models that describe the formation of both these patterns are different.

For the dragonfly, it is assumed that at an early stage of its development, a simple pattern is laid down.
The main veins are already formed, but the smaller branches are developed later, in order to strengthen
the growing wings. The model describing this behaviour is a combination of an activator-substrate at
first, which should then be replaced by an activator-inhibitor model. The first model (activator-substrate)
is given by

2

%:DuAuiju (L—u> + Oy,

14K, w?
9 — D,Av — <—“2“ )—l—a
ot~ v Puv 14K w? v
This describes how a pattern of activation mound is produced. In terms of the dragonfly, it denotes how
the main veins are formed. This first pattern triggers another system, which is an activator-inhibitor

system
2

%_I: = DwA'w + pw <1+/€Zuw2 (% - Jw) - ’U)) )

9 = DpAR — py, (w* — h) .

In this system, the concentration of u determines the saturation value of the activator w. when u has a
high concentration, the (w, h) system is turned off. At that moment, w has a low concentration. On the
other hand, when u had a low concentration, the (w,h) system is triggered and it will form a pattern.
This formation is enhanced by v, the substrate, because of the square term in the first equation of the
second system. This will have most impact when v is big, and when the concentration of the substrate is
high, the concentration of u must be low. Therefore, the action of h ensures that the stripe like patterns

w forms become sharp.

It turns out that this model works very well in describing patterns. In general, activator-inhibitor and

activator substrate systems are used to describe the formation of biological patterns.
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3. Large-time behaviour of solution for Gierer-Meinhardt systems

3.1. Global existence of solutions for Gierer-Meinhardt systems. The global existence of
solutions of (1.10) is one of the interesting question from the mathematical point of view. However, the

presence of v?, v* in the denominators in non linear terms in (1.10) makes the mathematical analysis of
(1.10) difficult.

The global existence of solutions of (1.10) is known only for N =3, p=2, ¢ =1, r =2, s = 0 (Rothe
|39] in 1984), which is a special case of activator model with the different source (in the terminology of
(1.10)). The Rothe’s method cannot be applied (at least directly) to the general p, ¢, r, s. Wu and Li

|51] obtained the same results for (1.10) so long as u, v~ and o are suitably small.

It is desirable to consider the p, ¢, r, s originally proposed by Gierer-Meinhardt. Li, et al [30] showed

that the solutions of this problem are bounded all the time for each pair of initial values in L>°(£2) if

1
=" < min <1L> . (1.11)

T s+1

In 1987, Masuda and Takahashi [33] considered the generalized Gierer-Meinhardt system

Ous
5;@ = a;Au; — g+ gi(z,un,us),  mRYxQ (i=1,2), (1.12)
where a;, p;, ¢ = 1,2 are positive constants, and

g1(z, ur, uz) = pr(, ur, uz) ok +01( ),
(1.13)

go(,ur, uz) = po(x, U1>u2> +02( ),

with o1(.) (resp. 02(.)) is a positive (resp. non-negative ) C* function on €, and p; (resp. ps) is a non
negative (resp. positive) bounded and C' function on Q x R2.
They extended the result of global existence of solutions for (1.12)—(1.13) of Li, et al [30] to

p—1 2
< 1.14
r N +2’ ( )
and
©1, P2 < WQ’Z(QL l > maX{N72}7
(1.15)

%:ai 0 on 002 and @1 >0, 2 >0 1in .

In 2006, Jiang |22] obtained the same results of Masuda and Takahashi [33]| by another method such
that (1.11) and (1.15) are satisfied.
Abdelmalek et al (|2], in 2012) considered the following Gierer-Meinhardt system of three equations

( 881; alAu——b1u+m+0 in Rt x Q,
¢ X — apAv = —by + 2 in R x Q, (1.16)
\ %Qf azAw = —byw + L in RT x Q,
with homogeneous Neumann boundary conditions
Ju_0v_0W_4  iRY x o0, (1.17)

an o o
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and the initial data
u(0,2) = ¢i(z) >0,
v(0,2) = wa(z) > 0, (1.18)
w(0,x) = w3(z) >0

in Q, and ¢; € C(Q) for alli = 1,2, 3.

Under the following condition

. il r1 . ! 41
O<p—1<max{p mm(—, —, 1>,pm1n( , =, 1)}, 1.19
! ? g+ 1 1o ’ s+ 1 g (1.19)

and by using a suitable Lyapunov functional, they studied the global existence of solutions for the system

=

(1.16)—(1.18). Their method gave only the result of global existence of solutions, and they did not make

any attempts to obtain the results about the uniform boundedness of solutions on (0, 400).

In 2011, Abdelmalek et al [1] concerned with the existence of global solutions to a reaction-diffusion

system with m components generalizing the activator-inhibitor system

( w11
&gul — CL1AU1 = fl(u) =0 — blul + ml ;
P1j
H“j
j=2
< reN, t>0,
ubil .
Oru; — a;Au; = fi(u) = —bju; + -+—, i=2,..,m,
Dij
H“j
j=2

\
supplemented with Neumann boundary conditions
8ui
an

=0, on I xt>0,1=1,....m,

and the positive initial data
ui(z,0) = p;(x) on Q, i=1,..m.
Here v = (uy, ..., ),  is an open bounded domain of class C! in RY, with boundary 95, and a% denotes

the outward normal derivative on 0f).

They made the following hypotheses. The indexes p;; are non negative for all 7, j = 1,...,m, with 0 > 0
0<pi1—1< max {pklmin{ ,@,]ﬂ,j:Q,...,m,j#k}}.
k=2,...,m Dkk Pk

The existence of global solutions was obtained via a judicious Lyapunov functional that generalizes the
one introduced by Masuda and Takahashi [33].

Our first result is the following theorems, which show global existence and uniformly bounded of

solutions for Gierer-Meinhardt systems.

THEOREM 3.1. If

: 4
0<p—1<pymin 1,
p1 p2 <q2 1 )

then all solutions of (1.1)—(1.4) with positive initial data in C(Q) are global and uniformly bounded on
(0, +00) x Q.
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THEOREM 3.2. If

. q1 ! . ! 41
0 <p; —1<max min , —, 1], p3min , —, 1 , 1.20
D1 {p2 <q2 T1 7 ) D3 <7“3 11 g ) } ( )

then all solutions of (1.5)—(1.8) with positive initial data in C(Q2) are global and uniformly bounded on
(0, +00) x Q.

3.2. Asymptotic behaviour of solutions for Gierer-Meinhardt systems. Wu and Li [51]
supposed that the activator and the inhibitor fill a bounded domain € in R with smooth boundary 952
and that there is no flux through the boundary. They considered the following activator-inhibitor system
proposed by Gierer-Meinhardt

9 = 22AA - A+f;;,

(1.21)
— DAH — H + 4 75
for x € Q2 and t > 0, subject to the boundary condition and the initial data
0A OH
T f Q 1.22
5 = By 0 orx €09, t >0, (1.22)
A(z,0) = Ay(x), H(z,0) = Hy(z) for z € Q, (1.23)
where €, D, 7 are positive constants, and the exponents p > 1, ¢ > 0, » > 0, s > 0 satisfy
—1
o<l 1

r s+ 1
They proved that if 7 > ~%7, then there are solutions of (1.21)~(1.23) such that

(u(x, t)a ”U(.I, t)) — (07 O)
uniformly on Q as t — +o00.

In 2008, Suzuki and Takagi ([43], [44]) considered the behaviour of a solution of the following system
as t — 400

at A — 2AA — A+Ap in Rt x Q,
(1.24)
9 — DAH — H+ 4 + op(z) in RT x Q,
with the boundary conditions
0A OH
_ R+ Q, 1.25
%= o =0 in e, (1.25)
and the initial data
A(z,0) = Ao(z), H(z,0) = Ho(z) in Q. (1.26)
For the initial data, they assumed that
Ay, Hy € C*P(Q), Ag(x) >0, Hy(z) >0 on Q and
0A OH,
=2 = =2 =y, (1.27)
P oV |50

where 0 < # < 1. The term op(z) is called a basic production term. The exponents satisfy the following

: q
—1< —, 1.
P rm1n(8+1,)

condition
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If 7> %, on(z) = 0, on Q) and

(minHo(x))q > p’;lq (maon(af)>p1,

h29)
then they proved that the solution (A(t,z), H(t,z)) of (1.24)—(1.26) satisfies

0 < maxA(t,z) < Ce™, max (H(t,z) — z(z)) < Ce *
z€eld LAY

in which C is a positive constant depending (A (¢, x), Ho(t, z)), and z(z) is a solution of the problem
DAz — z+ op(x) =0 for z € Q,

%:O on 0f).

Our main contributions of this thesis about the asymptotic behaviour of solutions for Gierer-Meinhardt

systems are the following

THEOREM 3.3. Assume that

. q1
O<pr—1< 1,
» pzmm@m )

and let (u,v) be the solution of (1.1)—(1.4) in (0, +00).
Suppose that o1 = 0 and

“18by + K
by > Tﬁ% (1.28)
where -
_[(parig\ mrm
prex o
K= m[QQ1P2—(P1—1)(1+Q2)](p2+1—P1)_1'
Then
. T _ @ o
th_1>noo u(t, )| = tgnoo v(t,.) bl = 0.
THEOREM 3.4. Assume that
. a1 ! . 1 q1
0 <p; —1<max min , —, 1], psmin [ ——, —, 1 , 1.29
P1 {p2 <q2+1 o ) p3 <7°3—|—1 0 )} ( )
and let (u,v,w) be the solution of (1.5)—(1.8) in (0,+00). Suppose that o1 =0, and
b bs + K
bl>52+723+ , (1.30)
where -
_ (BP2\ hamE
ap1 (apl >
K =
m[2Q1P2—(QQ+1)(p1—1)](P2—P1+1)*1m:[))ﬁpz—w(pl—l)](Pz—p1+1)*1 ’
or .
_ (7P3 _P43{17p1+1
o (2)
K —
m[éhp:s*%(’pl*l)}(P3*p1+1)*1méﬁp3*(’"3+1)(p1*1)](P3*p1+1)71 )
Then
u(t, )|, — 0 ast — 400,
02

— 0 ast — +oo.
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03

-2

— 0 ast — +oo.
b3

o0

4. Blow-up of solutions for Gierer-Meinhardt systems

Li et al [30] proved the existence of blow-up solutions of the problem (1.10) for three cases.
In the first case, they supposed that

p—1>r and rq<(s+1)(p—1).

Then, for some initial values, the solutions of the problem (1.10) blow-up in finite time. In the second and
the third case, they supposed that the initial data are constants, then the problem (1.10) are transformed

into the following ordinary differential equations

( / p
u' = —pu+ % + o,

vV =—vv+ L (1.31)

v

u(0) = uy, v(0) = vp.

\
If
p—1—r>0 and ¢g—s—1>0
and if
r+1—p>0 and r¢>(p—1)(¢+1),
then, for some initial data wg, vy the solutions of (1.31) blow up in finite time.

Pavol and Philippe [37] considered the system

.

ut—aAu=—,u1u+z—Z+a, xeQ, t>0,
’Ut_bA'U:_ILLQ'U‘i_Z_:, r€e, t>0,

{wy =w, =0 x €00, t>0, (1.32)
u(z,0) = up(z), x € (),

L v(z,0) = vo(x), x € (),

where p > 1, ¢, r, s >0, a, b >0, p1, p2, 0 >0 and ug, vg € C(Q) with ug, vy > 0.
They proved that if

p—1 : q p—1
>m —1 1
r m(s—l—l’)7 r 7

then there exist space-independent initial data (i.e. solutions of the corresponding ODE system without
diffusion) such that the solution (u,v) = (u(t),v(t)) of problem (1.32) satisfies T},q, < 00.

Our main contribution of this thesis about the blow-up of solutions for Gierer-Meinhardt systems is

the following

THEOREM 4.1. Suppose that p;, q;, ©+ = 1,2 satisfy the following condition

q1
— 1 > pymax 1.
b1 p2 <q2 1 )

Then for some initial data such that oy sufficiently large the solutions of (1.1)=(1.4) blow up in finite

time.
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5. Hamilton-Jacobi-type equations

In the third and the last part, we consider the fractional Hamilton-Jacobi-type equation

u + (—A)u = F(u,|[Vu|) in Qx R,
(1.33)
u(z,0) = ug(x) in 2,

with periodic boundary conditions, where Q = (0, L)Y, L > 0, s > 2, and |Vu| = (Vu, Vu)%.

The Kuramoto-Sivashinsky equation have been studied with various space and time scaling. It can
describe instabilities of dissipative trapped ion modes in plasma, instabilities in laminar flame front,
phase dynamics in reaction-diffusion systems and fluctuations in fluid films on tilted supports, oscillatory
chemical reactions, flow of a thin viscous film along a wall. Moreover, it describes the long-wavelength

dynamics at the large length and time scales.

The Kuramoto-Sivashinsky equation in one space dimension, in "derivative" form

L L
ut+uzxxx+uxx+uuxzo rTE |—%=,=|>

1.34
o (134

or the integral form

1
¢t + ¢xx:m: + ¢xm + §¢i — O; (135)

where u = ¢,. u,, term carries an instability at large scales, ;.. term makes damping at small scales,
and the non linear term wu, (the same term as in one-dimensional Navier-Stokes, Burgers equation) is
crucial for the global stability of the solution and transport energy between large and small scales.

In the one dimensional case equation (1.34) or (1.35) were studied by several authors both analytically
and computationally (see [7|-[8], 9], [10], [15], [21], |23], [25], [27], [35], [36], |45], [46], and references

therein).

The Kuramoto-Sivashinsky equation (KSE) in two dimension or higher is given as follows

b+ A%+ Ag + V6P =0, (1.36)

subject to the appropriate initial and boundary conditions, is an amplitude that arises when studying the

propagation of instabilities in hydrodynamics and combustion theory.

Specifically, it appears in hydrodynamics as a model for the flow of thin soap films flowing down an
inclined surface, and in combustion theory as a model for the propagation of flame fronts ([28], [41]).
To avoid dealing with the average of the solution to this equation, most authors consider, instead, the

system of equations for the evolution of u = V¢
ut+A2u+Au+%V\u\2 =0, (1.37)
which is also called the KSE.
The question of global regularity of (1.36) or (1.37) in the two-dimensional, or hight, case is one of

the major challenging problems in non linear analysis of partial differential equations.

Since u = V¢, equation (1.37) can be written as
us + A%u 4 Au+ (u.V)u = 0, (1.38)

in which the non linearity takes a more familiar advection form. Let us assume that it is not difficult
to prove the short-time well-posedness for all regular initial data, for any spatial dimension, subject

to appropriate boundary conditions, such as periodic conditions, such as periodic boundary conditions.
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(see also the work of [40] for global well-posedness for ’small’ but not ’too-small’ initial data in two-
dimensional thin domains, subject to periodic boundary conditions.) However, the major challenge is to
show the global well-posedness for (1.37) or (1.38) in the two and higher-dimensional cases. It is clear
that the main obstacle in this challenging problem is not due to the destabilizing linear term Aw. In fact,

one can equally consider the system
us + A%u A+ (u.V)u =0 (1.39)

or the equation

¢t+A2¢+%!V¢]2 = 0. (1.40)

Now, equation (1.38) and (1.40) are more familiar. These are hyper-viscous versions of the Burgers-Hopf

system of equations

up — Au~+ (u.V)u =0 (1.41)
or its scalar version

1

by — Ad + 5\%\2 = 0. (1.42)
Using the maximum principle for |u(z, t)|? one can easily show the global regularity for (1.41) in one , two
and three dimensions, subject to periodic or homogeneous Dirichlet boundary conditions [29]. Similarly,
using the Cole-Hopf transformation v = e~s — 1, one can convert equation (1.42) into the heat equation
in the variable v and hence conclude the global regularity in the cases of the Cauchy problem, periodic
boundary conditions or homogeneous Dirichlet boundary conditions (see [29] and reference therein).
However, it is clear that the maximum principle does not apply to equation (1.39) and the Cole-Hopf
transformation does not apply to (1.40); hence, the global regularity for (1.39) or (1.40) in two and three

dimensions is still an open question.

Souplet [42] considered the following generalization of the viscous Hamilton-Jacobi equation

((uy — Au = |VulP in RT x ),

§ u=0 on Rt x 09, (1.43)

u(z,0) = up(x) in Q,

\

where () is an open bounded domain in R” with smooth boundary 0f2.
They proved under optimal assumption of the growth of |Vu| then gradient blow-up occurs for suitable

large initial data.

Bellout et al [5] considered the following hyper-viscous Hamilton-Jacobi-type boundary value problem

(up + A?u = |[VulP in R* x Q,

§ u=Au=0 on R x 99, (1.44)

u(z,0) = up(x)  in €,

\
where €2 is an open bounded domain in R” with smooth boundary 0f2.
Under certain constraints on the exponent p, they employed the Galarkin approximation procedure to

establish the short-time existence of weak and strong solutions. Moreover, they showed the uniqueness of

strong solutions. The uniqueness of weak solutions remains an open question. They proved that certain
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solutions to the problem (1.44) blow-up in finite time, provided p > 2. They also studied global existence

for radial initial data in a radially symmetric domain that excludes a neighbourhood of the origin.

However, there is an essential difference in the structure of the formation of singularities in problems
(1.43) and (1.44). First, we observe that regardless of the value of p, p > 0, problem (1.43) satisfies a
maximum principle, and hence the L>(€2) norm of the solutions exist. Thus, the solutions to (1.43) that
blow-up in finite time must develop their singularities in one of their spatial derivatives, while the L>°(2)

norm remains finite.

On the contrary, for problem (1.44), Bellout et al [5] showed that at the blow-time, the L*(2) norm of
the solution, and therefore the L>°(€2) norm of the solution must tend to infinity. This is a consequence
of the fact that Bellout et al 5] obtained a lower bound on the existence time which depends only on the
L? norm of the initial data ug. Notice that, in the case of problem (1.44) we lost the maximum principle.

The question of global existence for problem (1.44), in the case p = 2, is still open.

Our first result of this part is the following theorem, which gives the local existence and uniqueness
of mild solution for the same family of hyper-viscous Hamilton-Jacobi equations which been studied by
Bellout et al [5].

THEOREM 5.1. Given ug € L*(Q) and

g>1 for N <6 and 1<p8< for N > 17, (1.45)

N —6

there exist a maximal time T > 0 and a unique mild solution w to the problem (1.44).

Local existence and uniqueness. We assume that, there exist positive constants C, Cy and Cj

independent of u, such that
|F(u, |[Vau|)| < Cy|u|®|Vul?, (1.46)

0L F (u, [Vul)| < Colul*™HVul”,

(1.47)
[02F (u, [Vul)| < Cslu|*|Vul'™,
where a and [ satisty the following conditions
6>1, a>1, and
(1.48)

B(N+2)+N(a-1)
1 .

THEOREM 5.2. Under assumptions (1.46)—(1.48) and for any ug € L*(Q), the problem (1.33) has at

least a mazimal weak solution.

S >

THEOREM 5.3. Assume (1.46) and (1.47) are satisfied.
1. Let ug € L*(Q).
i) If
f>1, a>1 and (1.49)

s> 6(N+2)+22N(a71) for N < 2s,

5> B(NH)IN(Q_D for N > 2s,

then every weak solution to the problem (1.33) is a strong solution.
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ii) Assume (1.49) is satisfied.

If
N+2)+2N(a—1
326( i )+2 (a=1) for N <2(s—1),
and ( B(N+2)+N(a—1)
$ 2 T 2(Fra)
< for N > 2s
\ and o + s < 2,

then the problem (1.33) has a unique strong solution.
2. If up € H*(Q) and (1.48) is satisfied, then every weak solution of (1.33) is a strong solution.
Furthermore, in this case uw € L>*((0,T); H*(2)).

3. For any ug € L*(2), we assume (1.48) is satisfied, every weak solution of (1.33) instantaneously

becomes a strong solution. That is for any 7 > 0, we have % e L*((1,T); (H*(Q))).

Finite time blow up. We have the following result

THEOREM 5.4. Let uy € L*(Q) satisfy /u0¢(x)dx > M = M(Q,5) > 0 sufficiently large. Assume
Q

F(u,|Vu]) = |Vul® and
4s + N
9 2ot
<B< N+27

then, the problem (1.33) cannot admit a globally defined weak solution, Indeed, there exists T* = T*(M) <

for N <4(s—1)

oo such that u satisfies

li e = d i )|l = 0. 1.50
T flu(, Ol =00 and T fut)le = o0 (1.50)




CHAPTER 2

Large-time behaviour and blow up of solutions for Gierer-Meinhardt systems

1. Introduction

In this paper we improve the result of Masuda and Takahashi [33] and Jiang’s method [22] to obtain
the global existence of solutions for Gierer-Meinhardt systems. Our technique is based on a Lyapunov
functional and by this method we show also the uniform boundedness of solutions. In particular, the results
in [22] and in [33] are valid for initial data which are in the Sobolev space W2!(Q), I > max {N, 2}, and
in the present paper the uniform boundedness of v and v is valid for positive initial data which are only

continuous on 2, without any differentiability conditions.

We consider a general Gierer-Meinhardt system for fraction reaction, more exactly, in the same direction
of Masuda and Takahashi [33] but with the constant of relaxation time 7, it is a system of reaction-diffusion
equations of the form
U _ g Au = —bu+ f(u,v), inR"xQ,

ot
(2.1)
T% — agAv = —bov + g(u,v), in RT x
where
f(uu U) - pl(l', u, ’U)% + Ol(x)v
(2.2)
g(uu U) - pg(l‘, u, U)% + 0'2(.%'),
with the boundary conditions
ou  Ov
—=—=0 R* x 00 2.3
9 = o on R™ x 99, (2.3)
and the initial data
u(0,z) = p1(x), v(0,2) = @a(x) in (2. (2.4)

Here Q0 is an open-bounded domain in RY with smooth boundary 0, 8% is the outward normal derivative
to 0. The initial data are assumed to be positive and continuous on €.

The constants 7, p;, ¢;, a; and b;, 2 = 1, 2 are real numbers such that
7>0,p,2>20,¢>0,a,>0 and b; > 0.

We assume that oy, oo are positive functions in C'(Q), and p;, py are positive bounded functions in
CHQ x R2).
In 1972, following the ingenious idea of Turing [49], Gierer and Meinhardt [13] proposed a mathe-

matical model for pattern formations of spatial tissue structure of hydra in morphogenesis, a biological

phenomenon discovered by Trembley in 1744 [47]. It can be expressed in the following system

p .
%:alAu—,ulu#—%%—a, in RT x €,

(2.5)
%:agAv—MngrZ—:, in Rt x Q,
17
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on a bounded Q C RY, with the homogeneous Neumann boundary conditions and positive initial data.
ai, as, M1, Mo and o are positive constants, and p, ¢, r, s are non negative constants satisfying the basic
relations
—1
P < q .
r s+ 1

In 1984, Rothe |39] proved the global existence of solutions for the problem (2.5) with special cases
N=3,p=2 g=1, r=2and s = 0. The Rothe’s method can not be applied (at least directly) to
the general p, q, r, s.

Wu and Li [51] obtained the same results for the problem (2.5) so long as u, v~! and o are suitably

small.

Li et al [30] showed that the solutions of this problem are bounded all the time for each pair of initial
values in L*>(Q) if

p—1 : q
< 1 . 2.6
. min { Yoo 1} (2.6)
Masuda and Takahashi [33] (1987) considered the generalized Gierer-Meinhardt system
i a; Au; — piu; + gi(x, ug, ug), inR"xQ (i=1,2), (2.7)

where a;, p;, ¢ = 1,2 are positive constants, and

gl(xa U1,'U,2) — Pl(x7u17u2)z_é + 0'1(37),
(2.8)

g2(, ur, uz) = pa(x, uy, U2)Z—; + 09(x),

with o1(.) (resp. o2(.)) is a positive (resp. non-negative ) C! function on €, and p; (resp. ps) is a non
negative (resp. positive) bounded and C' function on Q x R2.
They extended the result of global existence of solutions for (2.7)-(2.8) of Li, Chen and Qin [30] to

p—1 2
2.9
r < N + 2’ (2:9)
and
01, P9 € W2’I(Q), [ > max {N,2},
(2.10)

%:%:O on 0f) and @1 >0, @y >0 in €.
In 2006, Jiang |22| obtained the same results of Masuda and Takahashi 33| by another method such
that (2.6) and (2.10) are satisfied.

The asymptotic behaviour of the solutions for (2.1)-(2.4) was studied by Wu and Li [51], and they
proved that if 0y =09 =0 and 7 > p%l, then (u(t,z),v(t,x)) — (0,0) uniformly on Q as ¢ — +oo.
Under suitable conditions on 7 and on the initial data, Suzuki and Takagi ([43], [44]) also studied the

behaviour of the solutions for (2.1)—(2.4).

The existence of blow up of solutions for (2.5) has been shown by Li, Chen and Qin [30] under the

following condition

p—1>r and rg<(s+1)(p—1).
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For the ordinary differential equations of the form

( / p
u' = —pu+ g +o,

q V= v+ 5, (2.11)

[ u(0) =1,  v(0) = po,

they established a result of blow up of the solutions under the following conditions
p—1—r>0 and qgq—s—1>0,
r+1—p>0 and rg<(p—1)(s+1).

In this work, by using the technique of Lyapunov function we give a simple proof of global existence
and bounded solutions for all positive time for a general Gierer-Meinhardt system with the constant of
relaxation time 7. Under suitable conditions on the coefficients b; and by we contribute to the study of
the behaviour of the solutions for o1(z) = 0 and oy(z) = 02 > 0 on Q.

Moreover, under suitable conditions on the exponents of the non linear term we show the existence of

blow up solutions for the system (2.1)—(2.4). Our results are valid when o1 = 09 = 0.

2. Notations and preliminary results

2.1. Local existence of solutions. The usual norms in spaces LF(§), L>*() and C(Q) are re-
spectively denoted by

Jully = [ Ju@)Pde, 1< p <+,

[ullo = ess suplu(z)],
e

[ull o) = max|u(z)].

e
For 1 =1, 2 we set
@; = min;(x), ¢; = max p;(),
e e
Pi = min pz($7€)7 pi = max pz(x7£)7
reQ,EeR3 reQ,£eR2
og; = mino;(x), g; = max o;(x).
h e e

Local existence and uniqueness of solutions to problem (2.1)—(2.4) follow from the basic existence

theory for parabolic semi-linear equations (see Friedman [11] and Pazy [38]). All solutions are classical
on (0,7) x Q, T < Tz, where Thas(||to|sos ||vol|o) denotes the eventual blowing-up time in L>°(£2).

2.2. Positivity of solutions. We introduce the following lemma.

LEMMA 2.1. If (u,v) is a solution of the problem (2.1)—(2.4), then for all (t,z) € (0,T) x 0, we have
1.
u(t,z) > e Mg >0,
b (2.12)

v(t,x) > e 7lpy > 0.
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2.

u(t, z) > min (b—ll, gpl) =my,

(2.13)
02

v(t,z) > min (E’ gp_g) = my

PROOF. Immediate from the maximum principle. O
3. Boundedness of the solutions
In this section we assume that p;, ¢;, 1 = 1, 2 satisty the following condition
O<p1—1<p2min< an ,1). (H.1)
g+ 1

For proving the global existence of solutions for the problem (2.1)—(2.4), it suffices to prove that the

solutions remains bounded in (0,7) x Q.

Now, let us define, for any ¢t € (0,7),

L{t) = /Q (b (2.14)

VB (t, )

where o and (8 are positive constants satisfying the following conditions

2
3b27'_15 1 (CL1 + T_lag)
> 2 d —> : H.2
a > max ( s ) an 3 S, (H.2)

One of the main results of this paper is the following.

THEOREM 3.1. Under the hypotheses (H.1) and (H.2), all solutions of (2.1)-(2.4) with positive initial
data in C(Q) are global and uniformly bounded on (0, +00) x €.

Before proving this theorem we first need the following lemmas.

LEMMA 3.1. Suppose that x > 0 and y > 0, then for each group of indexes p, q, o, 6, X\ satisfies
A < p < 4§ (not necessarily positive), and any constant A > 0, we have

D ) - A
Y e (2.15)
yl Yy y"
where n = [a(5 — ) — 0(p = A))(0 — p) ",
PROOF. We can write
xP 3(p=N)  _ 8(p=)) AF=p)  Op=A)
- = (a’; 0—A y 0—A ) (5[; 0—A y 0—A q) .
yq
By using Young’s inequality we get
P < 0 A z
v S
where n = [g(d — A) = 0(p — N)](0 —p)~".
Then the Lemma 3.1 is completely proved. [

LEMMA 3.2. Let (u,v) be a solution to (2.1)—(2.4), then there exists a positive constant C' such that for
allt € (0,T) the functional

L(t) = /Q wihe) (2.16)

vA(t, )
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satisfies the inequality

%L(t) S — (Oébl — 3[)27'_16) L(t) + C

PROOF. Differentiating L(t) we get for any ¢ € (0,7T)
L) = I+J,

where

ua—l ) u®
I = aloz/Q e Audr — asT B/QMHAUCZI,

and
ua_1+p1

_ -1
J = (—abi + b ') L(t)+cv/Qp1(:c,u,v) e dx
1 a+p2 ua—l
—7 B/pgxuv ﬁ+1+2dx+oz/9 1(z) ;e dx

_T_IB/QO'Q(CC)WCZ:U

By simple use of Green’s formula, we may write I as follows

a—1

a—2
I = —aqja(a— 1)/uv \Vul*dz + aB(a +Tla2)/u6+1Vqudx
0

—ayT ' B(B + 1)/ )

Using Young’s inequality we get

a—1

af(ay + Tlag)/uﬁJerqudx

o?Bay + 77 1az)? [u
< d
47 1B + 1)as /Q o IVulde

+T—15(5+1)a/ m2]Vv|2alx

It follows that

a—2 2 -1 2 a—2
I < —aja(a— 1)/u Vul*dr + a’fla +77_az) /u 3 |
o U

d
o U8 47=1(B + 1)as Vul'de.

From (H.2) we obtain that
I <0 forallte (0,7).

We intend to estimate J, for this, we have

) Ty 1 w2
J < (—ab + b 'B) L(t)—l—ﬁwz/ e dx — poT~ 6/ T

ua—l
—I‘Oéd_l/ dx.
Q VP

Applying Lemma 3.1 withp=a—1, ¢q=60 =0, 6 = a and A =0, we get

~ uafl . u®
oo 3 dr < 7 by —ﬂda: + (4 6dx
Qv QU Qv

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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18, \ 17

where C1 = ao; e

Next, we choose € € (0, «) such that

B8+ (g —1—q) I o BP2 — (P — DA + ) > 0. (2.22)

p2+1—p €(p2 +1—p1) B
Again applying Lemma 3.1 forp=a—14+p;, ¢q=0+q, 0 =a+py, 0=+ 1+ ¢ and A\ = a — ¢,

we get
~ u&— 1t . u¥tP2 ux—e
ploz/Q o de < po1 3 Qvﬁ+1+q2dx+ CQ/Q o dx, (2.23)
where
m = B+gp—(p— D1 +q)+elg—g—D](pa+1—p1) ",
_ p1—1+e
_ = portp\ r2tiThi
and Cy = p1« ( a )
In an analogue way, we have
a—e€ (6% 1
Cg/“ dr < bngﬁ/u—dx + Cg/—dx, (2.24)
0 ' Qvﬁ Q/U772
where )
g —1+e — (p — (1
m =B +a (6]1 q2 + e gp2 — (M )( +CJ2)]) >0,
p2+1—p1

a—€

thinks to (2.22), and Cs = Cy (bc—ﬁ>_ -

We deduce immediately from (2.19)-(2.24) the following inequality
L'(t) < —(aby — 377 '8by)L(t) + C, for all t € (0,T), (2.25)

Ch Cs
C = 19| =+—].
‘ (mﬁ m;h)

2

where

This completes the proof of Lemma 3.2. [

Now we come back to the proof of the main theorem.

PROOF OF THEOREM 3.1. In this proof, we will make use the result established in [5] and [4].
Let (u,v) be the solution of the system (2.1)-(2.4) in (0,7"). Multiplying the inequality (2.17) by

e(@h1=30778)t 30 then integrating over [0, ], we deduce
L(t) < L(0) + ¢ for all ¢t € (0,7) (2.26)
- aby — 37710y T -

Then by using classical method of the semi group and the fractional powers of operators (see the appendix),
and since (1, p2) € (C(Q))?, we conclude that

uwe L*((0,T7),L7(Q) and ve L>((0,7),L>(Q)).

Finally, we deduce that the solutions of the system (2.1)-(2.4) are global and uniformly bounded on
(0, 4+00) x €, O

REMARK 3.1. It is clear that the results of this section are valid when o1 = 09 = 0.
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4. Asymptotic behaviour of the solutions

In this section, we treat the asymptotic behaviour of solutions for the following system

9 _ gy Au= —bju + fi(u,v), in RT x €,

ot
(2.27)
7’% — asAv = —bov + g1 (u,v), in RT x
where
fl(ua ’U) = pl(xa u, /U)gTia
(2.28)
g1(u,v) = pa(x, u, "U)% + 09,
with homogeneous Neumann boundary conditions
0 0
o220 onRT x99, (2.20)
on  dn
and positive initial data
u(0,2) = ¢1(x), v(0,2) = pao(x) in €. (2.30)

Here 09 is a non negative constant.

Before stating the results, let us expose some simple facts concluded from the result of the previous
section.
From Lemma 3.2, and by using classical method of the semi group and the fractional powers of operators
(see [5], [12]) we can find the positive constants M; and M,y which are given explicitly in the appendix
such that for any ¢ in (0, +00)

[ut, M < M,
[o(t, oo < M.

IA

Let us consider a similar function as in Lemma 3.2 which will be used to study the asymptotic behaviour

of solutions,

ot
R(t) = /Mda:, t>0,
Q

vB(t, x)
where o and (8 are positive constants satisfying

3bot 13 1 (a1 + 7 tay)?
> 2, — |, = > . 2.31
@ maX( 7 bl > ’ 5 27“1a1a2 ( )
The main result in this section reads as follows.
THEOREM 4.1. Assume (H.1) holds. Let (u,v) be the solution of (2.27)-(2.30) in (0, 400).
Suppose that
“18by + K
by > Tﬁ% (2.32)
where -
_ [ parip\ 2t &
P1e\ =55
K —

m[2Q1p2*(p1*1)(1+Q2)] (p2+1—p1)~t°
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Then
_ _ o2 _
Jim [t )l = B |ot2,) = 52| =0
PROOF. We begin by proving that R is a non increasing function.
From (2.19) and (2.20), we get for all ¢ € (0, +00)
, 1 u&— 1t uotp2
R'(t) < (—abi+bym'B) R(t) +ﬁloz/ v dr — poT~ ﬁ/ 5+1+q2 (2.33)
Now, we apply Lemma 3.1 forp=a—14+p1, =0+ q, d=a+py, 0 =00+14+q, A = «, we get
_ ru/a 1+p1 1 Oé‘f'p2
pla/Q e dx < pot 5/ g 4 + G Qv—d:v (2.34)
where
ms = B+ gpe— (o — 1A+ @) (p2+1—p1)",
1 P2+_1P—1P1
and Cs = p1« (prla ﬁ) :
We set

v=gp2— (p1 — DA+ @)](p2+1—p) L.

By (H.1) we find that ~ is positive, and A < p < ¢.
Then we get

u® 1+p1 a+p2
pla/Q e dx — po7~ ﬁ/ e r < C7R(t), (2.35)

with C7 = %,
We deduce from (2.33)—(2.35) the following inequality

R (t) < —(aby — 77 '8by — K)R(t), (2.36)
where
K = o
m[qupz (p1—1)(14¢2)|(p2+1-p1)~ "~

Using (2.32) we deduce that R'(t) < 0 for all positive time.

Now, for all (¢,z) € (0,+00) x €, setting

wi(t, x) = u(t, x),

and
wo(t,x) =v(t,x) — 92,
by
We have for i = 1,2
d ; Di
Tii — a;Aw; = —b;w; + pi(x, u, v)u (2.37)

dt v
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such that m =1, m» = 7.
Multiplying (2.37) by w;(t,x), ¢ = 1, 2 and integrating over [0,¢] x 2 we get

Di
/ de—l—aZ/ /\le| dxds + b; // 2dxds = /w?(())dx—l— / /wipi(:v,u,v)uql dxds.
0 JQ v

From (2.25) we obtain for i = 1,2

Pi MpzMB
//wzpz T, U, v) u dajds < piM, / —dxds < +-00.
my'mg q v’

One obviously deduces that for 2 = 1,2

400
wi(t,.) € L*(Q), / /|Vwi\2da:ds < 400
0o Jo

400
/ / 2dxds < 400,

so that Barbalate’s lemma (see [16] Lemma 1.2.2) permits to conclude that

and

lim |wi(t, )]s =0, i=1,2

t—+00

On the other hand, since the orbits {w;(t,.)/t > 0, i = 1,2} are relatively compact in C(Q) (see [17]),
it follows readily that

t£+m |wi(t, )] =0, i=1,2.

Then the Theorem 4.1 is completely proved. [l

5. Blow up results

In this section, we will show under suitable conditions on the exponents of the non linear term the

solution to the problem (2.1)—(2.4) blows up in finite time.

THEOREM 5.1. Suppose that p;, q;, © = 1,2 satisfy the following condition

p1— 1> pymax <qﬁ 3 1) . (2.38)

Then for some initial data such that @1 sufficiently large the solutions of (2.1)~(2.4) blow up in finite

time.

For the proof of the theorem, we need the following lemma.

LEMMA 5.1. Let (u,v) be the solution of the problem (2.1)~(2.4) in (0,T). Then for any k > 0, we have

ybPr—1-k
/—dx—i—/-ipl/ / drds < /—da:—i— (1+b1k)|Qmy". (2.39)

PROOF. Let k > 0, we have

d [1 1 pr-l-k
— —d:(: < bll-ﬁ;/—dx — /ﬂpl/u dx.
dt Jq ur - Jq v

Multiplying by ef, and integrating from 0 to ¢, we obtain

p1—1-—k
_dx</—dx—|— (1+ b1k)|Qm" —/4,01/ /u dxds.

Thus the lemma is proved. Il




5. Blow up results 26
V" (t, x)
PROOF OF THEOREM 5.1. For all t € (0,7, let Wi(t) = i )dx, where
ou™(t,x
3+0b 1 ~lay)?
n > max | 2, M , and — > (047" a) :
b2 m 27'_1CL16L2
We first prove that 1; is a bounded function on (0, 7).
Differentiating Wi (¢) and using Green’s formula, one obtains
Wi(t) = Hy+ Ho,
where
) ,Un—2 ) v
H = —n(n—1)7" ag/Q o \Vol|*de — m(m + 1)a1/9um+2
Un—l
+nm(a; + Tlag)/ﬂumHVvVudaz,
and
1
Hy = (bym — bor 'n)Wi(t) +n7_1/p2(:13,u,v) —dx
Q umP
B Un—l T
+7 n/ag( )u dx—m/plzc uv)md:c
—m/01
Now we can write
" e
H, = —/Q [um+2U QU] dx,
where »
7 lagn(n — 1) —nm—‘““é &2
Q= . ,
—nmAT—2  aym(m + 1)
and
U= Vv  oVu)'

The successive principal minors of () are positive. Indeed
1. Ay =7 tagn(n — 1)
Using (2.40), we deduce that Ay > 0.

2.

7 lagn(n — 1) —nm

Ay =

a1+'r*1a2
2

—nm%ﬁla2 aim(m + 1)

) m=—1)(m+1) (ag+ T_1a2)2> |

= T a1a2n2m2 (

n m A laja,

Also by using the condition (2.40), one gets Ay > 0.

Consequently @ is positive definite, and we have H; < 0 for all (¢,x) € (0,T) x €.
Concerning Hs, one observe that for all t € (0,7)

" 1—qo N
Hy < (bym — T_len)Wl + /)_27'_171/ dx — plm/ — p1

um—Pp2 um
L Unfl
+77 "oy dz.
o u™

(2.40)

(2.41)
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From Lemma 3.1 with p=n — 1, qz@zm 0 =n, A =0, we obtain

/—dx+A1/—da: (2.42)
1-n
where A; = 77 'y <n;2) .

Now, we choose ¢ satisfying —m < & < min(p; — p2 — 1 — m, ps — m) such that

T nag

(2 + 1)1 —1) =p2qi = (n+ g2 + 1)(e +m). (2.43)

Again applying Lemma 3.1 withp=p,—m, g=q¢p+1—n, d=p1—1—m, 0 =q¢ —n and A = ¢, we

get
_ 1 upQ_m upl_m_]-
% n/QUqQH_ndx < pim - onn dx + A, Qv—dx (2.44)
where
n = —n+E+m)n+q)p—1—p) 7,

—m—e&

_p2mm=Te
thinks to (2.43), and Ay = po7'n < an ) e

Pt In

In the same way, we have

upl 1 P2—m vn
Ay —dx < A, / —; / ~_dz, (2.45)
QUM 0 (8 qu'™

p1—1-p2

where A3 = A, ° .
It follows from (2.40), (2.42), (2.44) and (2.45)

p1—1l—p2—m
W) < —Wi () + Aym ™9 + Ag / " (2.46)
o v
Multiplying (2.46) by e’ and integrating from 0 to ¢, we get
t upl 1 p2—m
Wi () < W1(0) + Aym: ™[0 + Ay / ot / L s, (2.47)
0 o v

Now, if we apply Lemma 5.1 with k = ps + m, we will deduce that W is a bounded function on (0, 7).

Setting Ws(t) = /ucdaj with 0 < ¢ < 1, we get
0

P1
Wit) = ¢ [ut (alAu — biu+ p1(z, u, U)u—q + 01(x)) dz.
Q0 G

Applying Green’s formula we obtain

p1—|—C 1
Wy(t) > —§b1/ Cd:c+p1g/ . (2.48)
Now, we choose k > 2, such that for n large enough, m satisfies the conditions (2.40),

n(pr —1+¢) —mq
g1 t+tn '

k
(/u%la:) < A4/ugkdx,
Q Q

k¢ =

(2.49)

Using Holder’s inequality it yields
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with A, = C|QJF L.
Applying Lemma 3.1 with p=Ck, ¢ =0, 0 =p1+(—1, 8 = ¢;, A = —m we obtain

k yPr -1 -
(/ufdx) < Ay (/ o dx + /v—d,I) (2.50)
0 0 0

since (2.49) we get that the condition A < p < ¢ is satisfied and

Then, from (2.48) and (2.50) we have

n k
Wy(t) > —Cbl/ucdx — Cpl/v—d:c + (ALt </u<da:> :
0 ~Jou™ - 0

Wy(t) > Cpr (A7 W3 (t) — As) — ChiWa(t),

It follows that

where

As (/
A= [ Pary Ampmio)+ —B _
o 48 e p1(p2 +m) "

Then we can choose the initial data ; sufficiently large, such that
Cor (AT'W5(0) — As) — (bW (0) > 0.

Thus we have proved that the derivative of W(t) is positive and increasing which implies that Ws(t)
blows up in finite time (see [37]). O

dr + (1 4+ bips + bym)|Qm 7~ m)




CHAPTER 3
Boundedness and large-time behaviour of solutions for a Gierer-Meinhardt

system with three equations

1. Introduction

In this paper, we consider a Gierer-Meinhardt type system of three equations

( ?97; a1Au = —byu+ f(u,v,w), inRT x
¢ L —aAv=—buw+g(u,v,w), inR"xQ, (3.1)
| 22 — a3Aw = —bsw + h(u,v,w), in RT x Q,

where

flu,v,w) = Pl(l’;uav,w)m +o1(x),

g(u, v, w) = po(x,u, v, W) ——rs + 09(), (3.2)

V92 w72

| h(u,v,w) = py(@,u, 0, 0) s + 03(2),

with homogeneous Neumann boundary conditions

ou Ov Ow
o o0 on 0 onR" x09Q, (3.3)
and initial data
u(0,x) = p1(x), v(0,2) =¢wo(x) and w(0,x)=3(z), in Q. (3.4)

Here € is an open bounded domain in RY with smooth boundary 0 and outer normal n(z). The

constants ¢, p;, q;, ri, a; and b;, 1 = 1, 2, 3 are real numbers such that
c, pi, ¢, i >0, and a;,b; > 0.

and

. 41 ! . 1 41
0 <p; —1<max min , —, 1], p3min , —, 1 : 3.5
D1 {pQ <q2 T1 1 ) D3 (7“3 11 g ) } (3.5)

The initial data are assumed to be positive and continuous functions on Q. For i = 1, 2, 3, we assume

that o; are positive functions in C'(Q), and p; are positive bounded functions in C1(Q x R3).

In 1972, following the ingenious idea of Turing [49], Gierer and Meinhardt [13] proposed a mathe-
matical model for pattern formations of spatial tissue structure of hydra in morphogenesis, a biological
phenomenon discovered by Trembley in 1744 [47]. It can be expressed in the following system

%@‘—alAu—ulu—i— +o0, InRTxQ,
(3.6)
gﬁ—agAv—ugv—i— u in RT x Q,

on a bounded Q C RY, with the homogeneous Neumann boundary conditions and positive initial data:

ai, as, j1, M2 and o are positive constants, and p, ¢, r, s are non negative constants satisfying the
29
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relation

—1
P < q .
r s+ 1

The global existence of solutions to the system (3.6) is proved by Rothe [39] with special cases N =
3, p=2,¢q=1, r=2and s = 0. The Rothe’s method can not be applied (at least directly) to general
D, q, T, S.

Wu and Li [51] obtained the same results for the problem (3.6) so long as u, v~! and o are suitably

small.

Li, et al [30] showed that the solutions of this problem are bounded all the time for each pair of initial
values in L>(Q) if

Pl in <1 L) (3.7)

T +1

Masuda and Takahashi [33] considered the generalized Gierer-Meinhardt system

Ous
ot

where a;, u;, ¢+ = 1,2 are positive constants, and

= a;Au; — piu; + gi(T, ug, ug), nRt*xQ (i=1,2), (3.8)

g1(@, uy, ug) = pr(z, ur, ug) =% +01( ),
(3.9)

92(x, ur, ug) = pa(x, ur, ug) +02( )

with o1(.) (resp. o2(.)) is a positive (resp. non-negative ) C* function on €, and p; (resp. ps) is a non
negative (resp. positive) bounded and C! function on Q x R2.
They extended the result of global existence of solutions for (3.8)-(3.9) of Li, Chen and Qin [30] to

p—1 2
< 3.10
r N +2’ (3.10)
and
Y1, P2 € W2’Z(Q), [ > maX{N,Z},
(3.11)

%_L 0 on 09 and 1 >0, o3 >0 1in €.

Jiang |22| obtained the same results as Masuda and Takahashi [33] by another method such that (3.7)
and (3.11) are satisfied.

Abdelmalek, et all [2]| considered the following Gierer-Meinhardt system of three equations

¢ 0
8? a1Au = —bju + m + o0, in RT % Q,
o) P2 .
{ 6;} — CI/QAU = —bg?) + Uqng, in RT x Q, (312)
0 p3 .
5 — @Aw = —b3w + ——, in RT x €,

with homogeneous Neumann boundary conditions

ou Ov Ow

on = on ~ on 0 on x 02, (3.13)
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and the initial data

u(O,x) - 901(1') > 0,
v(0,2) = wa(z) >0, (3.14)
w(0,z) = @3(z) >0

in Q, and ¢; € C(Q) for alli = 1,2, 3.

Under the condition (3.5) and by using a suitable Lyapunov functional, they studied the global existence of
solutions for the system (3.12)-(3.14). Their method gave only the result of global existence of solutions,
and they did not make any attempt to obtain the results about the uniform boundedness of solutions on
(0, 4+00).

For asymptotic behaviour of the solutions, Wu and Li [51] considered the system

2= Ay —u + G +or(x),  inRTxQ
. (3.15)
T%ZG2AU2—U2+Z—§+OQ($), in Rt x Q,

with the constant of relaxation time 7 > 0, and they proved that if o1 = 0o = 0 and 7 > p%l, then
(u(t, z),v(t,)) — (0,0) uniformly on Q as t — +oo.

Under suitable conditions on 7 and on the initial data, Suzuki and Takagi ([43], [44]) also studied the

behaviour of the solutions for (3.15) with the constant of relaxation time 7.

We first treat the uniform boundedness of the solutions for Gierer-Meinhardt system of three equa-
tions by proving that the Lyapunov function argument proposed in [2]| can be adapted to our situation.
Interestingly, we show that the same Lyapunov function satisfies a differential inequality from which the

uniform boundedness of the solutions is deduced for any positive time.

Then under reasonable conditions on the coefficients b1, by and b3, and by using the uniform bound-
edness of the solutions and the Lyapunov function which is non-increasing function, we deal with the
long-time behaviour of solutions as the time goes to +o0 . In particular we are concerned with o; = 0,

09 and o3 are non-negative constants to assure that

lim [Ju(t, ). = lim |[v(t,.)—22|| = lim ||jw(t,.)—2|| =0
t—+o0 t—+00 by ||y tot© b3 || o
2. Notations and preliminary results
2.1. Local existence of solutions.
For =1, 2, 3 we set
©; = min;(z), ©¢; = max p;(x),
e e
i =  min__ p;(x,§), 0; = max _p;(x,§),
& reQ,EERY pil;€) P reQ,EeRY pile;€)
o; = mino;(x), 0, = maxo;(x).
- reQ ( ) z€Q ( )

The basic existence theory for abstract semi linear differential equations directly leads to a local exis-
tence result to system (3.1)—(3.4) (see, Henry [20]). All solutions are classical on (0,7) x Q, T' < T4,
where Traz (11901l sos 0211005 [|@3]|00) denotes the eventual blowing-up time in L®(1Q).
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2.2. Positivity of solutions.

LEMMA 2.1. If (u,v,w) is a solution of the problem (3.1)~(3.4), then for all (t,x) € (0, Taz) X €2, we

have

1.
(u(t,z) > e My >0,

§ v(t,x) > e Py >0,

w(t,x) > e lps > 0.

\

PROOF. Immediate from the maximum principle. O
3. Boundedness of the solutions

For proving the global existence of solutions for the problem (3.1)-(3.4), it suffices to prove that the

solutions remains bounded in (0,7) x Q.

One of the main results of this section is the following

THEOREM 3.1. Assume that (3.5) holds. Let (u,v,w) be a solution to (3.1)~(3.4), and let

L(t) = /Qvﬂ(t?jjng()t,x)dx’ for allt € (0,7T), (3.16)

where a, B and v are positive constants satisfying the following conditions

3@+@> 1 (a1 + a»)?

Lo\ tar) 317
h p : (3.17)

> 2 1,
(0 max ( ﬁ 2a1a2

and

1 (a1 +ap)’ 1 (a1 +ag)’ (a—=1)(az+az) (ar +ag)(a; + a3) 2
(%  dayag ) (%  dajay > g ( 20 /asas N 4y/a2asas ) - (319

Then there exists a positive constant C' such that for all t € (0,T)

%L(t) < —(aby — 3by8 — vb3) L(t) + C. (3.19)

COROLLARY 3.1. Under the assumptions of Theorem 3.1, all solutions of (3.1)—(3.4) with positive initial
data in C(Q) are global and uniformly bounded on (0, +00) x €.

Before proving this theorem we first need the following technical lemma.

LEMMA 3.1. Suppose that x > 0, y > 0 and z > 0, then for each group of indices r, p, q, 9, 0, X\ and

€ satisfies A < p < § (not necessarily positive), and any constant A > 0, we have

] B A
<A+ AE T
yQZT Y Zf y771 22

P
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where

m = [q6—=X)=0(p—N](6—-p) ",

PROOF. We can write

x? 6(p=A) _0(p=A) _ &p=N) Ab—p) 0(p=N) , =N
= |x oxy ox z oA xoa gy ex Az .
yiz

By using Young’s inequality we get

x? 0 e 2P
< €5z t+e ¥ ,
quT Y Zf y7712772
where
m=[q(d =) —0(p—N](©E—p) ",
m=[r(0 =X —E@p-N]©6-p) "
Then Lemma 3.1 is completely proved. [l

PROOF OF THEOREM 3.1. Let (u, v, w) be the solution of system (3.1)(3.4) in (0, 7). Differentiating
L(t) respect to t, we get

L'(t)y=1+J,
where
ua—l a a
I = aloz/QvﬁwaAudaz — asf3 v Av dx — aﬂ/gvﬁwwlAwdx
and
ua_1+pl
J = (—Oébl + 5{)2 + ’7[)3) L(t) + oz/Qpl(x, u,v, w)m

a+p2 uOH-ps
-0 T, U, v, W) dx — 7 p(xuvw) dx
p 2 VB 1+ a2+ S\ T T ) Bt a1

(07

e A -
+a Qal( )vﬂuﬂ x—p 02 UBH ~dr —~ Qag(x)m T

Using Green’s formula we obtain for all ¢ € (O, T) (see [2])

1<0. (3.20)

Now let us get an estimate for the term J.
For all t € (0,7T") we have

Y ey 2| uXtP2
J < (—ozbl + Bbg + ’7b3) L(t) + &pl/—d.ﬁi — 5,0_2/

~ vBta gyt 0 pBH1+a2 v+
a+p3 a—1
U U
— dr + ao dz. 3.21
p_3'7/ﬂ Uﬂ+¢]3w7+1+7‘3 1 Qyﬁw’Y ( )

Applying Lemma 3.1 withp=a—1, ¢q=0=0, r=7, d =«, £ =~ and A = 0, one gets

~ uafl u® 1
ozal/ﬂvﬁwvd:c < ﬁbg/ o dx + Cl/vﬁuﬂdx’ (3.22)
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l1—a
where C1 = ao; <&> .

Qo

Now, we choose €; € (0, «) such that

(-1 -
B+&q1pz (p1 )1+ q2) an q2 0.
e1(p2+1—p1) p2+1—p
_ 1 _
PPN k(2 et SN S B

e1(p2 —p1+1) p2—p1+1
Again, applying Lemma 3.1 for p = a—1+4p1, ¢ = +q, 7 =7+r1, 0 = a+ps, 0 = f+1+q, § =7+
and A = o — €1, we obtain

- Yy 2| yP2ta uo e
ozp1/gmdx < 5,02/qu2+5+1wr2+vdaz + C’Q/vaw72 dx, (3.23)
where
m o= B+lap—(@+Dpr—1) +elag —q@—1)]p—p+1)71,
M = Y+ [rpe—rolpr — 1) +e(ri —r)] (o —p1 + 1)1,
B2\ ~ bt
and 02 = 04,0_1 (a—p??) w .

In an analogue way, we have

ur u® 1
CQ/Q o dx < bof3 Qvﬁuﬂdm + Cg/mﬂ73774 dz, (3.24)

where

s = B+aleg (ap—(@+DEm—-D))+a—¢—1](p—p + D' >o,
m o= v+ale (rp—rapr— 1)+ —r2) (2 —p1+ 1) >0,

a—e€eq

and C5 = C, (bc—ﬁ)_ i

Or, we choose €3 € (0, ) such that

(11]93—Q3(]91—1)+a a1 — g3

ea(ps —p1 + 1) p3—p1+1
- (p — 1 1

7+&7’1p3 (r3 4+ 1)(p1 >—|—a& > 0.
€2(ps —p1+ 1) p3—p1+1

Now, applying Lemma 3.1 with p = p1+a—1, ¢ = 1 +8, r =ri+7v, 6 = pst+a, 0 = @3+5, £ =r3+vy+1

B+ «a

> 0,

and A = a — €y, we find

ua—1+p1 ua—l—pg ux—e2
n [ ———— <
ozpl/QUMqlwa1 dr < 7P_3/Qvﬁ+%w7+1+r3 dx + 04/91)77510% dx, (3.25)

where

= B+[aps— @ —1) +ela—g)ps—m+1)7"
s = Y+ [rps—(rs+ 1) — 1) +elrn—rs—1)](ps—p1+1)7",

P 71+€2

and 04 _ &10_1 (’Yp_?)) p3*p1+1.

ap"l

In the same way, we obtain

ut u® 1
04/91}77510”6 dr < byf3 Qvﬁw’de + 05/91)77711)778 dx, (326)
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where

o= Btalegaps— e — D) +a—a] (pz—p+1)71 >0,
ns = y+ale (mps—(rs+1)(p1—1)+r—rs—1] (ps—p1+1)"' >0,

_ 06762

and C5 = Oy (%) 2

From (3.21)-(3.26) there exists a positive constant C' such that

L/(t) < —(bloz — 36[)2 - ”yb:;)L(t) + C, vVt € (O, T)

Then Theorem 3.1 is completely proved.

PROOF OF COROLLARY 3.1. Since
C
aby — 3by8 — b3

then there exist non-negative constants Cg, C7 and Cy independent of ¢ such that

L(t) < L(0) + forallt e (0,T),

Hf('U,,’U,U)) _bluHN S 067

IA
S

Hg(u7v;w) - b2UHN

|h(u, v, w) —bsw||xy < Cs.

Since (1, g2, 03) € (C(R2))3, we conclude from the LP-Li-estimate (see Henry [20|, Haraux and Kirane
[17]) that

uwe L*((0,T),L>*(Q) vel>(0,T),L>°() and we L>((0,T),L>()).
Finally, we deduce that the solutions of the system (3.1)—(3.4) are global and uniformly bounded on
(0, +00) x Q. O

REMARK 3.1. It is clear that the results of this section are valid when o1 = 09 = 03 = 0.

4. Asymptotic behaviour of the solutions

In this section, we will study the asymptotic behaviour of the solutions for the following system

(% g Au=—byu+ fu,v,w), nRF xQ

¢ X —ayAv = —byw + g(u,v,w), inRFxQ, (3.27)

X %_1; — agAw = —bzw + h(u,v,w), in R* x Q,

where

| f(U,U,UJ) = Pl(xaua U7w)vcn(zp:1+c) + o1,

g(u7v7w) - pﬂx,u,v,w)% + 02, (328)

| h(u,v,w) = p3(z,u,v, w)% + o3,

with homogeneous Neumann boundary conditions

ou Ov Ow
—_—=—=—= R* Q 2
dn  On  On 0 onR7 >0, (3.29)




4. Asymptotic behaviour of the solutions 36

and initial data

u(0,z) = p1(x), v(0,2) =pa(z), w(0,7)=@3(z) in €. (3.30)

Here 01, 09 and o3 are non negative constants.

Before stating the results, let us expose some simple facts concluded from the result of the previous
section.
From Theorem 3.1, and by using classical method of a semi group and a power fractional (see [5]) we can
find the positive constants My, My and Mj explicitly (see [34]) such that

Ju(t, e < M,
||?)(t,.)Hoo < M27
Jw(t, e < Ms.

Let us consider the same function in Theorem 3.1

L@%:Awmﬁﬁﬁ&xﬂ% Vt € (0, +00),

where «, § and v are positive constants satisfying the following conditions

3by + b3 l - (CL1 + CL2)2
by B 2a1a9

a > 2max <1,

and

2
1 (a+t as)’ 1 (a+ as)’ - (a—D(az+a3) (a1 +az)(a1 + a3)
203 daqasy 2y daias 200, /0203 4y/a2asas '
The main result in this section reads as follows.

THEOREM 4.1. Assume (3.5) holds. Let (u,v,w) be the solution of (3.27)—(3.30) in (0, +00). Suppose
that o1 = 0, and

b by + K
>52+73+

by 5 , (3.31)
where
_ (B2 *%
apl(a@)
K= m[2Q1p2—(Q2+1)(p1—1)](pz—p1+1)_1méﬁm—m(pl—l)](p2—p1+1)_1’
or
og (vp_:a)pffp]il
I ey
K — P1

m[QQ1P3—Q3(P1—1)](Ps—pﬁ'l)_lmgﬁpf&—(%"‘l)(l)l—l)](P3—P1+1)_1 '

Then for all t € (0,400) we have

©f () .
He) = /w§<as>so;<x>d
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COROLLARY 4.1. Under the assumptions of Theorem 4.1, for all positive initial data in C(Q) we have

u(t, )|l — 0 ast — +00,

— 0 ast — +oo.

—>O ast — +oo.

ot

PROOF OF THEOREM 4.1. From (3.20) and (3.21), we obtain for all ¢t € (0, 4+00)

L) < —(aby— Bby— Ab)L(t) + apy |
> 1 — Pb2 — 702 P1 o VBT
ua-i—pz a-+ps
_sz/vaHqu%% dx —’ypg/QUBJrqgwergda:. (3.32)

Now, we apply Lemma 3.1 for p = a—1+p1, q = B+q1, 7 = v+11, § = a+ps, 0 = B+ 14, & = +7s
and A\ = a we get

- QLa 1+p; 7L0k%p2 QLQ
Qpl/QfUﬂJrqlw%Lm dz < 5/)2/Qvﬁ+1+qzwv+r2 dz + Al/QrUngwmo dz, (3.33)
where
ny = B+ lapr—(@a+1)(p1— D] (p2—m +1)7" >0,
mo = v+ [rip2 —ra(pr — )] (p2 —p1 + 1)_1 > 0,
and Al = Ozpl (iﬁ?) p2—p1+1.

Or, applying Lemma 3.1 for p = a—1+pi, ¢ = B+q, r =v+r;, d =a+ps, 0 =B+q, {=v+1+7r3
and A = a, we get

~ u® 14+p1 u&Tps u®
Oépl/QUﬁJrfhw’YJrﬁ dﬂf S fyp3/QUB+QSw’Y+1+T3 dl' T AQLvnllwﬂlz dZL’, (334)
where
mi = B+ aps — @ —D](ps —p1 +1)7" >0,
me = v+ [rps—(rs+1)(p1—D](ps—p1 +1)7" >0,
p1—1
and As = apy (wg et
By combining (3.32) with (3 33) and (3.34) we obtain
L,(t) < —(Oébl - Bbg — ’}/bg — K)L(t), vVt € (0, —|—OO), (335)
where
_ (BpP2 _%
ap1 (am )
K —
m[QQ1p2—(Q2+1)(p1—1)](pz—p1+1)_1mz[))r1p2—7“2(p1—1)](pz—p1+1)_1 ’
or B
_ (7P3 m@W
K apt (ap1 )

m[2Q1p3*Q3(p1*1)}(p3*p1+1) mglp3*(7’3+1)(]31*1)](P3*p1+1)71 )
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Using (3.31) we deduce that the function ¢ — L(t) is a non-increasing function.
This completes the proof of Theorem 4.1.
PROOF OF COROLLARY 4.1. Setting for all (¢,z) € (0,+00) x Q
hi(t,x) = ul(t, x),
ho(t,x) = wv(t,x) — —
and
hs(t,x) = w(t,z) _ 8,

For ¢ = 1,2, 3 we have
dh; pi
e a;Ah; = —bh; + pi(z,u,v, w)qujw”’

Multiplying (3.36) by h;(¢,z), i = 1, 2, 3 and integrating over [0,t] x Q we get

t t
l/hfdxntai//Whi]?dxds + bi/ /h?dxds:lfhf(())dx
2 /q 0 Jo 2

up’L
// ipi(x, u,v) dxds.
’Lwl

From (3.35), for all t € (0, 4+00), and for i = 1,2, 3 we obtain

MpzMBMv
//zpza:uv dzds < p;M, //ﬂ drds < +oo.
vEw" m3 m§mg pUiw?

One obviously deduces that for i =1,2,3

400
hi(t, ) c LQ(Q), / /|Vhl\2dxds < 400
0 Q

+00
/ /h2dxds < 400,

so that Barbalate’s lemma (see [16] Lemma 1.2.2) permits to conclude that

lim ||hi(t,.)]]2 =0, i=1,2,3.

t—+00

and

(3.36)

On the other hand, since the orbits {h;(¢,.)/t > 0, i = 1,2, 3} are relatively compact in C(Q) (see [17]),

it follows readily that
lim ||h;(t,.)|le0 =0, 1=1,2,3.

t—-+o00

Then Corollary 4.1 is completely proved.




CHAPTER 4

Local existence and blow up of weak solutions for some fractional
Hamilton-Jacobi-type equations

1. Introduction

In this work we deal with the fractional Hamilton-Jacobi-type equation

ur + (—A)*u = F(u, |Vu|) in Q x RT,

(4.1)
u(z,0) = up(x) in €,
with periodic boundary conditions, where Q = (0, L)Y, L > 0, s > 2, and |Vu| = (Vu, Vu)?.
Assume that, there exist positive constants C7, C5 and C5 independent of u, such that
|[F(u, [Va])| < Cilul*[Val, (4.2)
01 F (u, [Vul])| < Colul* 1Vl
(4.3)
02 F (u, [Vul])| < Cslul*|Vu|,
where oo and [ given positive numbers, such that
6>1 a>1, and
(4.4)

B(N+2)+N(a—1)

S > 1

The global existence of solutions for the two and three dimensional Kuramoto-Sivashinsky equations is

one of the major open questions in non linear analysis.

The Kuramoto-Sivashinsky equation (KSE) has the following form

6= ~2% — Ag— | Vo (45)
We can be written

up = —A%u — Au — %V|u|2, (4.6)
or

wy = —A%u — Au — (u.V)u, (4.7)

with u = V¢, subject to the appropriate initial and boundary conditions.
The KSE has been introduced three decades ago as a model of non linear evolution of linearly unstable

interfaces in various contexts such as phase turbulence and flame front propagation in combustion theory.
In one-dimension, it takes the derivative form
Ut + Ugpgy T Upy + ULy = 0 WS [__ _] ) (48>

or the integral form

1

39
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where u = ¢,. The term u,, in (4.8) is responsible for an instability at large scales; the dissipative .,
term provides damping at small scales; and the non-linear term wu, (which has the same form as that in
the Burgers or one-dimensional Navier-Stokes equations) stabilizes by transferring energy between large
and small scales. This equation is one of the simplest one dimensional PDE, which was studied by several
authors both analytically and computationally. (see [7]-[8], [9], [10], [14], [21], [23], [25], [27], [35], [36],
|45], [46], and references therein).

The global regularity of (4.5), (4.6) or (4.7) in the two-dimensional, or higher is one of the major open
questions in non linear analysis of partial differential equations. Let us mention that it is not difficult to
prove the short-time well-posedness for all regular initial data, or global well-posedness for small initial
data, for any equations (4.5), (4.6) or (4.7), at any spatial dimension, subject to appropriate boundary
conditions, such as periodic boundary conditions. (See also the work of [40] for global well-posedness
for ’small’ but not 'too-small’ initial data in two-dimensional thin domains, subject to periodic boundary

conditions).

These are hyper-viscous versions of the Burgers-Hopf system of equations
u — Au+ (u.V)u =0 (4.10)

or its scalar version
1
b= A+ | Vo = 0. (411)

Using the maximum principle for |u(z,t)]* one can easily show the global regularity for (4.10) in one, two
and three dimensions, subject to periodic or homogeneous Dirichlet boundary conditions [29]. Similarly,
using the Cole-Hopf transformation v = es — 1, one can convert equation (4.11) into the heat equation
in the variable v and hence conclude the global regularity in the cases of the Cauchy problem, periodic

boundary conditions or homogeneous Dirichlet boundary conditions (see [29]).

The major challenge is to show the global well-posedness for (4.5), (4.6) or (4.7) in the two-and higher-
dimensional cases. It is clear that the main obstacle in this challenging problem is not due to the

destabilizing linear term Aw. In fact, one can equally consider the system
up + A*u+ (u.Vu)u = 0 (4.12)

or the equation
2 1 2
b + A% _2’v¢’ 0. (4.13)

It is clear that the maximum principle does not apply to equation (4.12) and the Cole-Hopf transformation
does not apply to (4.13); hence the global regularity for (4.12) or (4.13) in two and three dimensions is

still an open question.

In 2002, Souplet [42] considered non linear parabolic equations with gradient dependent non linearities,
of the form u; — Au = F(u, Vu) (The viscous Hamilton-Jacobi equations). These equations were studied
on smoothly bounded domain of RY, N > 1 with arbitrary Direchlet boundary data. Under optimal
assumption of growth of F' with respect to Vu then gradient blow-up occurs for suitably large initial data;
i.e, Vu blows up in finite time while u remains uniformly bounded. They also considered some equations
where the non linearity is non local with respect to Vu, and they showed that gradient blow-up usually
does not occur in this case.
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Bellout, et al [5] (2003) treated the hyper-viscous Hamilton-Jacobi-type problem
(up + A%u = |[VulP in Q x R,

J u=Au=0 on 002 x R, (4.14)

| u(z,0) =up(x) in €,

where €2 is a smooth, bounded, open domain in R"”, p a given positive number.

Under suitable conditions on the exponent p, they proved the local existence of weak and strong solutions
o (4.14). They also proved the uniqueness of strong solutions and the blow-up in finite time of certain
solutions to this family of equations when p > 2. Moreover, they showed the global existence of a radial

solution in annulus with Neumann boundary conditions.

In the first section, we follow the work of Bellout, et al [5] and prove a general result concerning the local
existence of weak solutions for a family of Hamilton-Jacobi equations for fractional Laplacien (—A)*, and
the non linearity is of polynomial growth. The uniqueness of such solution is not guaranteed in general.

In the second section, we prove the blow up of solutions to certain type of this family of equations.

2. Local existence of weak solutions

In this section, we present one of the main result in this chapter, which asserts the local existence of

weak solutions to the problem (4.1), and before that we start by introducing the concept of weak solution.

DEFINITION 2.1. A weak solution to the problem (4.1) in the interval (0,T) with initial data ug € L*(Q)
is a function u € L*((0,T); H*(Q))NL>((0,T); L*(2)) for which % € L2((0,T); H¥%(Q)), F(u, |Vul|) €
LY(,(0,T)). The partial differential equation is satisfied in the sense that for any ¢ € C*(Q2 x (0,7T))
with compact support in Q2 x (0,T) the following integral equality holds

/ / pdzdr + / / A)z¢)dxdr = / / u, |Vu|)pdrdr

THEOREM 2.1. Under assumptions (4.2)~(4.4) and for any ug € L*(Y), the problem (4.1) has at least a
mazimal weak solution.

I\D\Cn

The proof of this theorem consists in several steps. We first start by establishing a priori estimates on
the solutions.

LEMMA 2.1. Suppose that (4.2), (4.4) hold, and let w be a smooth solution of (4.1). Then, there exists
a constant C' independent of u such that

/QU2($,t)dl‘ < /ng(x)dx + C/Ot (/Qu2(:1:,7')d9:>0d7, (4.15)

2s(B+a—1)
4s — (N +2) — N(a—1)

where

o=1+

PROOF. Multiplying (4.1) by u and integrating by parts we get

/ z,t) da:—!—/ [(=A)2u(., 7)||2dr = /uo dx+// u, |Vu|)udzdr. (4.16)

Next, let us get an estimate for
/ / u, |Vul)udzdr.
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By using (4.2) and Holder’s inequality we obtain

/F(u, Vu|)udx < C </\Vu]ﬁ(hd:v> h </\u\(°‘+l)q2d:€) h :
0 0 0
a2

In order to estimate the second term of this inequality, we use the interpolation inequalities and embedding

1
where qll—l—l = 1.

results for Sobolev spaces (see [48]).

We have
IVul[gsa < Cllullas,
01
< Ollullz" ull -, (4.17)
where NN
P “Fa —I— +1 and s1 = sb for some 6, € (0,1).
a1
It follows
N N 1
0 = — — 4 —
Bqis 25 s
In an analogous way, we have
[uf| v < Cllullas,
02
< Ollull" ull ., (4.18)
with N N
Sg=—————+— and S9 = sby for some 6y € (0,1).
2 (a+1)g 2 2 2 2 € (0,1)
It yields that
N N
= ——— + —.

(a+1)ges  2s
From (4.17) and (4.18) we obtain

/Q (u, |Vu|)udx

We would like to have that 861+ (a+1)6; < 2. An elementary calculation shows that this holds whenever
(4.4) is satisfied.

By using Young’s inequality and since |

< C«Hu”ﬁ (1=01)+(a+1)(1- (a+1)6>

e [[(=A)2u

‘LQ we ﬁnd

/F(u, Vuludz| < Cllul% + %H(—A);u 2 (4.19)

Q

where .
0:5(1—01)+((21+1)(1—92) y (1_691+((2x+1)92> | (4.20)

Replacing #; and 6, in (4.20) we get

2s(B+a—1)

= T AN T ) — N = 1)

we observe that o > 1.
We deduce from (4.16) and (4.19) that

/ x, 1) dx+/ (T, ) ||Fdr </Q 2(x )da:+C’/Ot </Qu2(x,7)dx>od7. (4.21)

This completes the proof of Lemma 2.1. O
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LEMMA 2.2. Let u be a smooth solution to the problem (4.1). Then under the assumptions (4.2) and

(4.4), there exist a constant C, independent of u, and a time

. 1
"= 2(0—-1) ~’
(0 = Dlluollz. C
such that for all t < T,
2(o—-1) =
/u2(x,t)dx < ( [[wol| 7> — ) < 00, (4.22)
9) 1 — (o= Dluell;z 'Ct
and
' S N2 2 HUOH%O_D) T
((—A)2u)*dzdr < |Jugl|72 + Ct : < 0. 4.93
/0 /Q t 1— (0 — 1)||uo 2TVt (423
Here

25(B4+ a—1)
4s — (N +2)— N(a—1)

oc—1=

PROOF. We consider the following problem

G =C(®),

dt —

v(0) = /Qu%(x)da:

(4.24)

The solution of (4.24) is given by

1

HUOHQ(QO'—I) o—1
v(t) = L oD .
1 — (0 — 1)[|uo| 2 Vet

Then from estimate (4.15) of Lemma 2.1 and Gronwall’s integral inequality (see [32] p 86) we deduce

1

: _ ol B
/Qu (x,t)dr <v(t) = (1 my ) . (4.25)

o — Dllull75 " Ct
The inequality (4.23) follows from the estimates (4.21) and (4.25). O

Now, we will use the Galarkin’s method to prove the local existence of solutions for the problem (4.1).

PROOF THEOREM 2.1. Step 1 To construct the subspace Ej, we let w;,7 = 1,2, 3, ... be the eigen-
function of the Laplace operator in H}(2) orthogonalized with respect to the L?(Q) norm, and this set
eigenfunction constitutes a basic of L*(Q). We set Ej = span {wy, ..., wy}.

Let us introduce also the projection operator Py from L*(Q2) on Ej defined by

k
Pow =Y (v,w)pw;,  YveL}9Q) (4.26)

1=1

From classical results concerning Hilbert spaces, one has that
P — v strongly in L*(Q), Vv € L*(Q), (4.27)

and furthermore,
| Pill 20 < 1. (4.28)

Step 2 Since, by assumption ug € L*(Q), if we set u) = Pyug then we have

u) — uy  strongly in L*(€).
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Let now introduce, for any k& € N*, the finite dimensional approximate problem.
( k
Find u, = Zazk(t)wz(x) € B, such that
i=1
8uk

s + /Q (~A)2up)(—A)iw))da (4.29)

- N

= /F(uk, \Vug|)w;dz, Vi=1,..,k
0

ur(, 0) = uj(x).

Since wy, ..., wy are linearly independent then a;x(0) = (uo, w;) r2(q)-

Consequently, the problem (4.29) is a system of k£ non-linear ordinary differential equations of the first

order with unknowns ay i, asy, ..., G k-

This system satisfies the conditions of Picard’s theorem. Therefore, it has a unique local solution
a;r(t), i =1, ...,k in some interval about ¢ = 0.
Step 3. In this step we will prove that wu; satisfies some a priori estimates.

Let us multiply the jth equation in (4.29) by a;; and sum over j from 1 to k we obtain

2dt/ukd:v+/ A)zuy, 2 dv = /QF(uk, |V Jupdz.
By the same steps as in the proof of Lemma 2.1, we deduce that for every k fixed uy, is in L>((0,T); L*(©))N
L*((0,T); H*(Q)) for all
1
(o = Dllui(0,) 7€
From (4.28) we have ||ux(0,.)||z2 < ||uol|z2 for all &, it follows that the 7} uniformly bounded from below
by

T<T;

1
(0 = Dluol ¥V
By the same method as in the proof of (4.22) and (4.23), we can find that for 7 < T fixed, uy, is bounded
in L>=((0,7); L*(Q)) N L*((0,7); H*(2)) independently of k.

T =

Now we establish an estimate for ag;’“

Let ¢ be a function in H™(Q) and we decompose ¢ = ¢ + (¢ — ¢ ), where ¢y, is the L? projection of
¢ into the space EJ.
By using the orthogonality property of the function w;, we have

%(M a“’“ S onda.

Since ¢ € Ey., it follows that

8u s El
%d:p = /((—A)auk)((—A)2¢k)dx+/F(uk, Vug|)prdz.
Q )
Let us now move to estimate the last term in the equality above.

From (4.2) and by using Holder’s inequality we get

< Cllbnllzo IV kL apg, 1268|200
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11 1 _
Wlthq—1+q—2—1.

Since the embedding of H¥*%(Q) into L>() is satisfied for any N then we obtain

| Pt (90| < IV il
Now, by using the interpolation inequalities we find

IVl p2sn < Ol 2" Nl

Hs»

with
N N 1

28q1s +%+ s

0, = —

and

unl| 2o < Cllunl| 2" |5

Hs»

with
N N

Oy = — —.
2 2010 S + 25

Thanks to (4.4) and

N <q for N <2(s—1),

N < < —— for N >2(s—1),

and
é < @ for N < 2s,

3 S0 < gy for N> 2s,
we have 0; € (0,1) and 65 € (0,1).
We deduce from (4.30) and (4.31) that

/Q (ug, |Vug|)prdx| < Clluy H/Bl 01)+a(1- 92)” ’

N+8+4(s—2)—Na
N+2

B0; + absy < 2.

An elementary calculation and since g < we obtain that

Moreover, since uj, € L>((0,T); L*(Q)) N L*((0,T); H*(Q)) then by (4.32) we find

where G is independent of k. Note that G is in L7(0,t) with
2
501 + aby

< CGO)llgll v,

N =
By applying Holder’s inequality we obtain

[ (8)5m) ((-8i6) do < Clu
It is well known (see [31]) that thanks to the special choice of the sequence w;, we have

[@rllves < OBl e

P |

Hs Hs+N .

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

In light of inequalities (4.33) and (4.34) we reach that 8“k is uniformly bounded in L7 ((0,¢); H*7"(Q2)),

/

where 7, = min(v,2) and HV5(Q) = (Hy' ™(Q)) .
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Step 4. From the weak compactness of the sequence uy, we can extract a subsequence (still denote by
k) and a function u such that for any ¢ < T

w, — u ask—+oo in Ly, ((0,8); L2 ,..(Q)), (4.35)
up, — u as k — 400 in Lweak((O t); H . (22)). (4.36)

Furthermore by using Aubin’s lemma (see [31]) we have that uy is compact in the strong topology of
L*((0,t); H*¢(Q)) for some & > 0. Therefore for any

q<#ﬁl) when N > 2(s — 1),

q < oo when N < 2(s —1).

there is a subsequence of uy, still denote wuy,, which convergences to u strongly in L*((0,t); W14(Q)).
With the strong convergence of uy, we are ready to prove that Vi) € C*(2 x RT)

/ / (ug, |Vug|)dedr — / / u, |Vu|)dxdr as k — +oo0.
Let ¢p € C*(2 x RT), then

/Q (F (i, Vi) — F(u, [Vau]) el

< CWHLO@/ | F(ug, [Vug|) — Fug, [Vul])| dz
Q

+Cll | 1P [90]) = F [V de.

< CWHLM/@F(%CQ)HVuk ~ Vulda
Q

Ol / 0P (er, [Vl — uld,
with
o = S — (1—8)u,
¢ = 02|V — (1= 02)[Vul,

where 0 < 97 <1 and 0 < 99 < 1.
By using the condition (4.3) and Holder’s inequality Wlth —|— -+ % =1 we get

/Q (F (i, [Vui]) — F(u, [Va])) gz

< Ol (Nl gon 1V 1550
o el [Vl + Il 190

+ fluell gt lqll\WHLaqz) [k = wlfwra. (4.37)

Now, applying the interpolation inequalities [48] we have

sl pon < Cllugllz" Juel B, (4.38)
lurll po-va < Cllugllz"luel %, (4.39)
with
y_ N N ,_ N N
YT ags | 28 2T (a—1)gs 28
and
IVl 5002 < Cllugl| 72"l 5, (4.40)
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with
S I
ST (B=1)gs 25 s

Combining (4.37) with (4.38)—(4.40) we obtain

| (P90 = P Val) wda| < Clollm (gl IVl

1 91 1)(1-0 0191 10 « 1—91
[ AR ”w%up“ﬂ % o5 15
)(1-6 1)6
Tl 1P A 21 O IR (441
We choose ¢; > 1 and ¢o > 1 such that
% <q for N < 2s,
2 IN
agqlgm f()rN>2S,
and
IN
e TEs < q for N <2(s—1),
IN IN
FEm =S Fow-a-) for N> 2(s — 1).

we have 0; € (0,1) and 6 € (0,1).

We can check af; + (8 — 1)0 < 1, this is always possible to choose
1 l> aN+ (8 —1)(N+2) —2s

@ Q@ 2N

Passing to the limit in (4.41), as k — oo we get for any » € C*(2 x R™)

F(ug, |Vug|) — F(u, |Vul|)) Ydxdr) — 0 as k — oo,

where we made use of the fact that wuy, is bounded in L>((0,t); L*(Q)) N L*((0,t); H*(Q2)).
We then deduce that the limit u of the sequence uy satisfies

/ / gt T + / / ) dadr = / / u, |Vul)pdrdr,

for all ¢ € C*°((0,t) x Q). O

N)\rn

3. Blow up results

In this section, we want to derive a blow up result by using the technique of Kaplan introduced in [24]

for the following problem

up + (—A)u = [Vu|? in Q x RY,
(4.42)
u(z,0) = ug(x) on §2,

with the periodic boundary conditions, where Q = (0, L)Y and L > 0, s > 2.

We start by introducing some notations and recalling some well-know results.

It is well known (see [24]) that under the assumptions we made on €2, the eigenvalue problem

— Ay =Xy € Hy(Q) (4.43)
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has a smallest positive eigenvalue A = A\; and that the associated eigenfunction ¢ does not vanish in 2.
Notice that ¢ € H*(Q2) N Wh>(Q). Therefore, we can choose a ¢ such that ¢ > 0 in  and /gbda: =1

9)
Furthermore, it can be proved (see [3], [4], [42]) that

/qb “dr =C(a,Q) < Va € (0,1). (4.44)

THEOREM 3.1. Let ug € L*(Q) satisfy /uogb(x)da: > M = M(Q,5) > 0 sufficiently large. Assume
Q

4s+ N
2<5<;L+2, and N < 4(s — 1)

then, the problem (4.42) cannot admit a globally defined weak solution, Indeed, there exists T* = TH(M) <

oo such that u satisfies

lim |[u(.,t)||rz = oo and lim ||u(., )]s = 0. (4.45)
t—T* t—TH

PROOF. Multiplying the equation (4.42) by ¢ and integrating over 2 we obtain

/Qutgbder/Q((—A)Su)quxz /Q|Vu|ﬁgbd:1:.

/Q ((—A)u)pdr = A /Q ugpdz.

Therefore, setting z(t) = /ugbd$, we get
Q

On the other hand we have

J(#) + ANx(t) = / Vul’éda. (4.46)
Q
We will prove that
[1vuods = clp - ¢
Q

where C, C’ are positive constants.
We have
B
0P < Joli ([ 1as)

< C (/Q|u - ][u|dx)ﬁ e <|Q|][u>ﬂ, (4.47)

by using Poincaré-Wirtinger’s inequality and Hdélder’s inequality we obtain

(/Q\u — ][u|dg;>ﬁ <C (/Q\w%dx) </Q¢%'dx>§', (4.48)

where 8 is the conjugate of .
Combining (4.46) with (4.47) and (4.48) we have

Z(t) 4+ Nz(t) > Clz(t)]” - C'.
Then we can choose /uo(x)¢(a:)dx > M(Q,[) > 0 sufficiently large, such that the problem (4.42)
Q
cannot admit a globally defined weak solution. Indeed, there exists T% = T#(M) > 0 such that either u

ceases to exist before T’ h, or

lim [ u(x,t)¢(x)dr = 4o0.
t—T* Jq
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This completes the proof of Theorem 3.1. [l

REMARK 3.1. The results of the present chapter are motivated by the work of Bellout, et al |5], where

they studied the case « =0, B =p and s = 2. Our work extends their results in several directions.




CHAPTER 5

Local existence and uniqueness of mild and strong solutions for some
fractional Hamilton-Jacobi-type equation

1. Introduction

It is well known that, the global existence of solutions for the Kuramoto-Sivashinsky equations in
two-dimensional, or higher is one of the major open questions in non linearity analysis. Inspired by this
question, we introduce a family of fractional Hamilton-Jacobi-type equations perturbed by the fractional
s Laplacien, and the non linearity is of polynomial growth. Under suitable conditions on the exponents
B of the non linear term, we first study the short-time existence and uniqueness of mild solutions for the
same family of hyper-viscous Hamilton-Jacobi equations which been studied by Bellout, et all [5]. Then

we establish the local existence and uniqueness of strong solution for considered problem.

2. Local existence of mild solutions and uniqueness

In this section, we prove the local existence and uniqueness of mild solutions to the following hyper-viscous

Hamilton-Jacobi equation

(up + A%u = |Vul|? in Q x RT,

S u=Au=0 on 002 x R*, (5.1)

u(z,0) = ug in Q.

\

Here € is an open bounded domain in RY with smooth boundary 92, and 3 is a positive number.

Next, we introduce the concept of mild solution on Hilbert space.

DEFINITION 2.1. Let H be a Hilbert space, A be a maximal monotone operator on H. Suppose f :
[to, T| x D(AY™P) — H be continuous in t on [ty, T| and uniformly Lipschitz continuous on H such that
0<p<1. Let ug € H, the function

t
u(t) = S(t —to)ug + / S(t—s)f(s,u(s))ds,
to
uniquely defined, is called a mild solution for the following problem

WO L Au(t) = f(tult)) > to,

u(ty) = uyp.

Now, the main result in this section is as follows.

THEOREM 2.1. Given ug € L*(Q2) and

g>1 for N <6 and 1<B8<

> .
N6 for N > 17, (5.2)

there exist a mazximal time Ty > 0 and a unique mild solution w to the problem (5.1).

50
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PROOF. We apply the semi-group theory in H = L*(Q) (see [6], |50], [52]). Consider the unbounded
operator A : D(A) C L*(2) — L?*(2) defined by

D(A) = {ue HY Q) N H{(Q), Au=0, on 9Q x R"},

Au = A?u.
We already know that A is maximal monotone in L*().
Next, we will show that the non linearity is a locally Lipschitz continuous mapping from D(A'~?) into
L*(2) for some p, 0 < p < 1.

For this, we set F(u) = |[Vul?, and let u € D(A'"?) then from embedding results for Sobolev spaces (see
|48]), we have

|Vu

La S OHU,|

Hs,

with
1 N-—-2(s—1

Since 0 < s < 4 then F € L*(2), such that

g>1 for N <6 and 1§6<N 5 for N > 7. (5.3)
On the other hand, let (u,v) € (D(A'7?))? then we have
|F(u) = F(0)l12 < CIV (u = 0)||g2s [ Vul + [Vol|| 25 (5:4)
We will estimate the second term in the inequality (5.4), we obtain
IV(u=v)||ze < Cllu = vl (5:5)
with
1 N-2(s5-1
s=4(1—-p) and i 255, ) (5.6)
From (5.3)—(5.6) we deduce that F is locally Lipschitz in L?(). O

3. Local existence of strong solutions and uniqueness

In this section, we treat the local existence of strong solutions and uniqueness for the same problem in

a previous chapter
ur + (—A)*u = F(u,|Vu|) in Q x RT,

(5.7)
u(z,0) = up(x) in €,
with periodic boundary conditions, where Q = (0, L)Y, L > 0, s > 2, and |Vu| = (Vu, Vu)%.
Assume that, there exist positive constants C7, Cs and C5 independent of u, such that
|F(u, [Vul)] < Cilu|*|Vul’, (5.8)
01 (u, [Vul)| < Colul*HVul”,
(5.9)

02 F (u, [Vul)| < Cslul*|Vul”,
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where o and [ given positive numbers, such that

6>1 a>1, and
5.10
B(N+2)+N(a—1) ( )

s > 1

We first give the following definition.

DEFINITION 3.1. A strong solution in 2 x (0,T) to problem (5.7) with ug € L*(Q) is a weak solution
that also satisfies % € L*((0,T); (H*(2))").

THEOREM 3.1. Assume (5.8)(5.9) are satisfied.
1. Let ug € L*(9).
i) If
f>1, a>1 and (5.11)

s> 6(N+2)+22N a—1) for N < 2s.

5> 6<N+2)1N(O‘_1) for N > 2s,

then every weak solution to the problem (5.7) is a strong solution.

ii) Assume (5.11) is satisfied.

If
N+2)+2N(a—1
326( Ll )J; (a=1) for N <2(s—1),
ond ( BN+2)+N(a—1)
N+2)+N(a—1
§ = 2(B+a) ’
< for N > 2s
\ and o + s < 2,

then the problem (5.7) has a unique strong solution.

2. If ug € H*(Q2) and (5.10) is satisfied, then every weak solution of (4.1) is a strong solution.
Furthermore, in this case uw € L>*((0,T); H*(2)).

3. For any uy € L*(Q), we assume (5.10) is satisfied, every weak solution of (5.7) instantaneously
becomes a strong solution. That is for any T > 0, we have % € L*((1,T); (H*())').

PROOF OF THEOREM 3.1. 1) Let up € L*(Q).

i) Since u is a weak solution, then u in L2((0,7T); H*(£2)).

Let v € L2((0,T); H*()) then by applying Holder’s inequality we get

L/«—Afwvmnscmw ol
Q

It follows that (—A)*u € L*((0,T); (H(Q))').

Now, we will show that F'(u, |[Vu|) € L*((0,T); (H*(€2))"), and for this we have to distinguish three cases.
Case 1. For N > 2s we have H*(Q2) — L7(Q2) for 1 < v < 5.

Now, let v € L?((0,T); H*(2)) then by using (5.8) and Holder’s inequality we get

!L (u, [VulJvdz < C|Vull’,.,

HS HS .

V|| s, (5.12)

w|Fars
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1 1 1 _
where o + o + = 1.

By interpolation inequalities we get

IVullpon < Cllull "l %, (5.13)
with
N N 1
) = to;ts such that 6¢; € (0,1),
57“18
and
0
| or < Cllullyz " [Jull%., (5.14)
where
N N
Oy = — + —  such that 6, € (0,1).
Qares S

By combining (5.12) with (5.13) and (5.14) we obtain

| 775

where we made use the fact that H*(Q2) is included in L™(Q) when 1 < r3 < 25

Now, setting
1 _ 3 N +2 N a S
1 7“ B ON 2 N’

we get %—Fi < N+2S and 860, + aby = 1.

T2

/Q (u, [Vul)ude < Cful|00+00=02) 59

Since u € L®((0,T), L*(Q))NL*((0,T); H*(Q)) then for n > 2s we deduce that F(u, |Vu|) € L*((0,T); (H*(S
Case 2. For N < 2s we have H*(Q)) — C(9Q).
Let v € L*((0,T); H*(Q)). In the light of condition (5.8) and by applying Hélder’s inequality we get

/F(u,|Vu\)vdm < Cv|
0

vu”iﬁm UH%O“??

Hs

where L + L =1
T

Now, by interpolation inequalities we get

/ (u, |Vu\)vdx<CH|
Q

with
N N 1
- _|_ - such that 6, € (0, 1),
7“1/35

0 = —

and

N
+ —  such that 6; € (0,1).
roas 28

Since (N 4 2) + N(a — 1) < 2s then we have6; + afy < 1.
Then we deduce F(u, |Vul) € L*((0,T); (H*(R2))) for N < 2s.

by = —

Case 3. For N = 2s we have H*(Q2) — L7(Q) with v € [1, +o0][.
By the same steps as in the first case we obtain F(u,|Vul|) € L2((0,T); (H*(Q))") for N = 2s.

ii) Next, we will prove uniqueness of solution.
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Let uq, ug be two strong solutions corresponding to the same initial data wy.
Taking the difference of equations satisfied by each function we get that

9]
8_1; + (—A)°w = F(uy, |Vui|) — F(ug, |Vus|),

where w = uy — us.

(5.15)

Since the function w is in L?((0,T); H*(2)), a well-know lemma from Lions-Magenes [31| implies that

the function [|w(t)]|z2 is absolutely continuous and that 4||w||3, = 2(2% w)p.

Therefore, multiplying (5.15) by w, it follows from integrating by part

/ xtdm+// Vw)? dedr < //\F wn, [Vaa]) — Fu, [Vus])|[w|dzdr

+/ /|F(u1, |Vus|) — F(ug, |Vusl|)||w|dzdr,
0 Ja

t
< //\82F(u1,02)|\VwHw|dxdT
0Ja
t
—I—/ /|81F(cl, Vusy|)||w|?dedr.
0Jo

dedr < C//\u1| |co| P Vwl |w|dadr

+C/ /|cl\0‘_1|Vu2\5|w|2dxdT,
0 Jo

Moreover, from (5.9) we infer that

[wenis [ (o

M\C/J

N —

where

c1 = &Gui+ (1 —&)us,
co = &|Vu|+ (1 —&)|Vusl,

such that 0 <& <land 0 < & < 1.

Now, we need to estimate the right-hand side of the last inequality, for this we apply Hoélder’s inequality

we get

w2,

Vuw|

CZHL([; 1y L3

/'“1\ o]Vl fwldz < Cluy|Fer
1,1 .1 _1
Wherea-l—g—l-gzi.
Using interpolation inequalities and embedding results for Sobolev spaces, we have

IVl < Cllwllz™[[w]F.,
with
N N 1
O3 = ——+ — + -
7“33 2s

The constraint 65 € (0, 1) is satisfied whenever we choose r3 such that for n > 2(s — 1)
L oN-2s-1) 1 1 _26-1)
rg 2N rn ro 2N

By combining (5.16) with (5.17) and by using Young’s inequality we obtain

_ (B-1) (8-1)
[pttlea [ Vullulds < Cllual, (19w, + 19ul,) Tl

1 2
+5

(5.16)

(5.17)

(5.18)

(5.19)
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2
such that ¢ = 0,
Applying again the interpolation inequalities, we get
0
| pors < Cllafl " |uall%.
with
N N
0 = — + —,
aris  2s
and
IVl g < Cllull ™ [luall%.,
IVusl| is-nrs < Cllusl 2" usl|%.,
where
0, — N N N N 1
2T (B=1)res | 25 s
In order to have 6; € (0,1) and 6y € (0,1) we will require that
1 s 1 <@
a _— — —_— JE—
2 N o ™ o 2,
1 1 S 1 1 1
—=+—=——= —<B-1|=+—=
p-n(tedo3) < Levon (i)

Combining (5.19) with (5.20)-(5.22) we obtain

)(1—92)Hu2| %?—1)92

[ttt 9l wlds < € (Jualls® -l

1
) )
+HU1HL12HU1Hﬁs) lwlz> + S llwl e

where
o = qla(l—01)+(B—-1)(1—6)],
(52 = ( [a@l + (B - 1)92] .

N+8+4(s—2)—Na
N+2

we notice that 09 < 2 whenever § <
From (5.18), (5.23) and (5.24) we get

B(N+2)4+2N(a—1)<2s  for N <2(s—1),

and
)

(B-1DN =2(s—1)) <2(s — 1) —a(N — 2s),

for N > 2s

| @ + s < 2.
Now, we estimate the second term of (5.15) by using Holder’s inequality we find

/Icﬂ“ Vuel lwPde < Clledl it IV uzll o 0]l 72,

1 1 1 _
where - + - + = 1.

From interpolation inequalities we get

]l 2 < Cllawl| 2" [l ..

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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with
N N

Saes + 70 for some 3 € (0,1).

V==

By using Young’s inequality with p = ﬁ we obtain

_ 1) 1)
Ll 19uplofde < 0 (fullfe, + lulfed, ) IValalol?

1
+ 5 lhwl. (5.25)
Applying again the interpolation inequalities, we get
[zl po-var < Clluallp" l[uallFe, (5.26)
|| povar < Cllunllp™ el (5.27)
where
N N
fyl — —m + %, for some ’)/1 € (O, 1),
and
IVuz]| gors < Clluzl 2™ [uzl 3., (5.28)
where
N N 1
Yo = ~ Bars Tt for some vy, € (0,1).
Combining (5.25) with (5.26)-(5.28) we obtain
/ e[Vl <€ (Jhual 500 a0 g5 s 5

1
+ Nzl o152 ) ol + 5 el (5.29)
where
03 = plla—1)(1—m)+B(1—)],
0 = plla =1y + Bl
We recall that we assume that 5 < N+8+L§\(,i_22)_Na, then d4 < 2.

We deduce from (5.25) and (5.29)

/ (x t)dx < C/ H 1‘ )(1—92)Hu2|%§—1)92
4+ Huala (1 1)||u |I}§S ’71” 2||pa 1)(1—W1)Hu2‘1;§?—1)71
+ | %s+\|u2u;2||u2||gz) |22
Since [[ur(t,-)|lzz, [[uat, )llz» are bounded in L2(0,T) and Jlua(t, )57, [lua(t, )3 € L'(0,T), then

from Gronwall’s inequality we obtain
u(t,x) =us(t,x)  forall (¢,2) € (0,T) x Q.

2) We multiply (5.7) by (—A)°u and integrate over Q x [0, t], we obtain

/(( dw+2// )2 dadr :/ (=A)iug(2))” de
0 / / u, |Vl dzdr.

M\w
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We need to estimate the last term in the inequality above.

First, we get from using Young’s inequality and (5.8) that
s 2
/ ((-A *dr + / / )’ dedr < / ((—A)2ug(z))” do

We apply Hélder’s inequality we have

lo\m

+O/ /]u|2a]vu|2ﬂda:d¢.

/\UFQ\WI%de < Cllullzer

vu||L2Br1 9

where + + L =1,
71 T2

By using Sobolev embedding and interpolation inequalities, we find that

gz < Cllull 2™ llull e,

with
91 — _ﬁ + ﬁ + i
48  4s = 2s’
and
lull pzers < Cllu| 2% ul| G
where

N N
dares — 4s

Oy = —
Combining (5.30) with (5.31) and (5.32) we reach

/(( A)zu(t, ) da:+// ) dwdr

<C/HH%1&+MI%HHﬁ?h%h+[x@Aﬁm@»%m

Again, it is easy to verify that for (5.9) we have 56 + afy < 1.
By using Young’s inequality we get

/(( AVru(t,z))’ do + = // w)2dxdr

. 26(1-0)+20(1-0;)
g/((—A)a o(2)) de 4+ C \|u|\L2 o g
Q 0

N)\cr

Since ug € H*(Q) then w € L>((0,T); H*(2)) N L*((0,T); H*(Q)).

3) The last case can be easily obtained from the previous parts.

(5.30)

(5.31)

(5.32)




Conclusion

This thesis is devoted to the large-time behaviour and blow up of solutions for Gierer-Meinhardt

systems, and the local well-posedness for some fractional Hamilton-Jacobi-type equations.

Our first contribution in this work is to study global existence and uniformly boundedness of solutions
for Gierer-Meinhardt systems. We also give the result of asymptotic behaviour of solutions for Gierer-

Meinhardt systems, and the result of blow up of solutions only for coupled Gierer-Meinhardt systems.

Our second contribution is to show local existence of weak and strong solutions and uniqueness of
strong solutions for some fractional Hamilton-Jacobi-type equations. We also prove the local existence
and uniqueness of mild solutions for hyper-viscous Hamilton-Jacobi-type problem. The blow up of weak

solutions for considered problem is established.

Open problems

In this section we discuss some open problems, which appear to be interesting.

1. In the case of Gierer-Meinhardt systems, there seems to many important problems.

e In the second chapter, we studied the asymptotic behaviour of solutions only when o1 = 0
and oo(x) = 09 > 0 on z € . It is important to establish this result for all o;, i = 1,2
are non negative continuous functions on Q. The same thing for the asymptotic behaviour of
solutions in the third chapter.

e The result of blow up of solutions for coupled Gierer-Meinhardt systems is showed assuming

that the exponents of the non linear terms satisty

q1
— 1 > pymax 1.
b1 p2 <q2 1 )

But in the following cases

(a) Case 1:
p1—1>1 nd p1—1< ¢
D2 D2 @ +1
(b) Case 2:
P1—1<1 and p1—1> ¢
P2 P2 g2+ 1

We could not obtain any results about blow up of solutions for considered problem in the
second chapter. This can be an area for future research.
e [t would be interesting to study blow up of solutions for a Gierer-Meinhardt system with tree
equations.
2. In the case of Hamilton-Jacobi-type equations, there seems to many interesting problems. Among
them
e [t is well known that, the global regularity of solutions for Kuramoto-Sivashinsky equation in
the two-dimensional, or higher is one of the major open questions in non linear analysis of

partial differential equations.
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e We studied the local existence of weak and strong solutions and uniqueness of strong solutions
for some fractional Hamilton-Jacobi-type equations when the non linearity is of polynomial
growth. But the non linearity grows faster than a polynomial, nothing seems to be known for

mstance.




Appendix

In this appendix we introduce the positive constants M; and Ms such that for all ¢ € (0, +00)
[ut, Mo < M,
[o(t, oo < M,

are constructed by applying variation of constants and by introducing fractional powers of operators.

This appendix is divided into two subsections.

Preliminary estimates. In this subsection, we recall some classical facts about the semi group
formulation and the fractional powers of operators by following [20]. For p > 1, let us defined the
operator L on LP(£2) by

Lyy=dAu for uwe D(L), d>0,
0
and  D(L,) = {u € W?P(Q) a—u =0 on 8Q} :
U]

where W?2?(Q) is the usual Sobolev space. It is well known that L generates a compact analytic semi
group

Sy ={e"™ /]t >0}
of bounded linear operators on LP(2) and that

HetL”qu < ||ullp, for t>0, ue LP(Q).

It is also well-known fact that for » > 0, the fractional powers (I —L,)™" exist and are injective bounded
linear operators on LP(Q2) (see, e.g., |38]).
For 0 < r < 1, let A) = (({ - Lp)_r)_1 and recall D(A}) is a Banach space with the graph norm
| Jwll |rp = | Ajull, and that if r > s > 0 (where conventionally LP(Q) = D(AY)), then D(A) is a dense
space of D(A7) with the inclusion D(A}) C D(A;) compact (see, e.g., [38]). Here we will make use of

the following two lemmas.

LEMMA A. 1. For the semi group ) and the fractional powers Aj just considered, one has
t>0, ueLP(Q) = e''rue D(A),
t>0,ue Q) = HAzetLpU”p < K(r, p)t™"[lully,
t>0,uelf(Q) = A;etLpu = etLPA;u,

where K (r,p) is a positive constant independent of t.

PROOF. For the proof of this lemma, we refer the reader to Pazy |38| (page 74, Theorem 6.13). O
LEMMA A. 2. Suppose that a fractional power A} (defined above) is such that r > %. Then D(A}) C
L>(Q) and

[ullos < B(r, p)[|Apullp,

where B(r,p) > 0 is a positive constant.
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PROOF. The proof of this lemma can be readily deduced by applying Theorem 1.6.1 exposed in [20]

(page 39). O
Construction of the constants M; and M,. For all (¢t,x) € (0,T) x Q we set
DLt
Flt)(x) = —buult,x) +pl(x,u(t,x),v(t,x))qugt:g +ou(x),
G(t) () byo(t. 2) + po(, u(t, ), v(t, 1) et ooy
pum— —_— 0-
2 ) P2\ T, ) ) ) V2 (t, SC) 2

Observe that if we choose o > max {plN, %}, then by using Lemma 3.1 and (2.26) we obtain

C N@Bpi—q10) \ N
<<</¢%i+ +me““N) : (5.33)
N

Qgp2 Oébl — 37'_1b26
Now, for t € (0,1) we use the proprieties of the semi group .7, and the inequality (5.33) we get

uP1 (t)
V9 (t)

Ju(t, o < M, (5.34)
where 1
1 SOoz C N(ﬁzirqw) N 1
M/ ) I I- _1d Q a—p1 N Q N &
AT </mo§ " s g * I il

On the other hand, by applying variation of constant, one can write for t{p > 0 and 0 < r < 1

t
u(t) = e(t_tO)LNu(to)nL/e(t_S)LNF(S)ds,

to

t
and wu(t) = A’j\,e(t_to)LNu(to)+/A?Ve(t_s)LNF(s)ds.

to

By Lemma A.1 and the proprieties of the semi group ., we obtain for all ¢ € (0,7)

' uP(s
A5y < KO8 (¢ =0 TGl + [ =9 (|5 Sl ) as] - (535)
to Uql(s) N
Note that we have
©of C T —gpe) . E
It < (00 +01 | o1 ([ Fe s s oy S ) wpatian | G

where C7 is a positive constant independent of ¢.
From (5.35)-(5.36), we obtain

1

~
o c g
—dx + + |Qm, “ ™
/9305 Ckbl — 37'_1[)26 | ‘ 2

[Au®lly < KN |-t (cf+522) pl(

+ ’Q|}VU_1) + (t - to)_T|Q|11VS51} :

Set tg = |t| — 1, where |t] denotes the floor of t. We have for ¢t > 1

¥1 ¢
)( (lfﬂi+am—3r%ﬁ

[Ayu®)lly < K(r,N)

Q¥ + (01

N(Bp1-912) % 1
+ [Q|m, ) + ]Q|Na‘1ﬂ :
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Next, we set r = % > %, so that by virtue of Lemma A.2 with the positive constant B(%,N) > 0
introduced therein, one claims that

u(t, )|l < M. (5.37)
where

¥
3 3 1 0% C N(Bp1—g;2)
M! = B(Z,N)K(Z,N QN(T/Jd QA
1 (47 ) (47 ) ‘ ’ ©1+ Cy pl(QQOg x+&b1_37—1b26+| |m2

and CY is a positive constant independent of ¢.

From (5.34) and (5.37) we deduce that T,,,, = +00 and
Nu(t, )| < M forall t e (0,+00),

such that M; = max (M7, M7).
In an analogue way, we get for all ¢ € (0, +00)

[o(t, oo < My,
where My = max(MJ, MJ) such that

1

/ — T_l — 90? C w N i S
M; = @2 + ﬁ P2 /Q?dff? + ab, — 371,88 + [Qfmy "7 + Q¥ |,
2

and
1
3 3 1 B B o C N(8pz—az0) N
M} = B2, NYK(2,N) [|Q]¥ g + 714 /;d Qlm., “52
2 (47 ) (47 ) | |N902+T 1 :02< Q@g x+&b1_37—1b25+‘ ‘mQ
k)|,

where A] is a positive constant independent of t.
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Abstract

The aim of this thesis is to study the global existence of solutions for some non linear evolution

equations.

In the first part, we consider a coupled Gierer-Meinhardt system with homogeneous Neumann bound-
ary conditions. We prove that the solutions are global and are uniformly bounded and under suitable
conditions, we contribute to the study of the asymptotic behaviour of these solutions. The basic idea of
these results is the judicious Lyapunov functions constructed. Moreover, we will schow that under rea-
sonable conditions on the exponents of the non linear term, these solutions blow up in finite time. These

results are valid for any positive continuous initial data in C'(€2), without any differentiability conditions.

The second part of this thesis is devoted to study the uniform boundedness and so global existence of
solutions for Gierer-Meinhardt model of three substance described by reaction-diffusion equations with
homogeneous Neumann boundary conditions. The proofs of these results is based on suitable Lyapunov

functionals and from which a result on the asymptotic behaviour of the solutions is established.

In the last part of this thesis, we investigate the local existence and uniqueness of mild solution for
some hyper-viscous Hamilton-Jacobi equations. We give some conditions from which these results can be

established. Moreover, we show the blow up in finite time of some weak solutions.

Résumé

L’objectif de cette these est d’étudier I'existence globale des solutions pour des équations d’évolution

non linéaires.

En premiére partie, on considére un systéme de Gierer-Meinhardt couplé avec des conditions aux limites
de Neumann homogénes. On montre que les solutions sont globales et uniformément bornées. Sous des
conditions appropriées, nous contribuons a I’étude du comportement asymptotique de ces solutions. L’idée
de base de ces résultats est le choix judicieux de fonctionnelles de Lyapunov. Par ailleurs, on montre que
sous certaines conditions sur les exposants du terme non linéaire, ces solutions explosent en temps fini.

Ces résultats sont valables pour toutes les données initiales positives et continues sur C'(§2) avec aucune

condition de différentiabilité.

La seconde partie de cette thése est consacrée a I’étude du bornage uniforme des solutions d'un modéle
de Gierer-Meinhardt a trois équations avec des conditions de Neumann homogénes. Par une technique
de fonctionnelles de Lyapunov adaptées au systéme, on établit des résultats sur I'existence globale et sur

le comportement & I'infini des solutions.

Dans la derniére partie de cette thése, on s’intéresse a lI'étude de 'existence locale et de 'unicité
des solutions pour certaines équations de type Hamilton-Jacobi hyper-visqueux. On montre que sous
certaines conditions, certains de ces résultats peuvent étre établis et qu’en plus, il est possible d’avoir des

cas d’explosion en temps fini de certaines solutions faibles.




	Acknowledgements
	Acknowledgements
	Abstract
	Chapter 1. Introduction
	1. The Gierer-Meinhardt model
	2. Applications of the Gierer-Meinhardt model
	3. Large-time behaviour of solution for Gierer-Meinhardt systems
	4. Blow-up of solutions for Gierer-Meinhardt systems
	5. Hamilton-Jacobi-type equations

	Chapter 2. Large-time behaviour and blow up of solutions for Gierer-Meinhardt systems
	1. Introduction
	2. Notations and preliminary results
	3. Boundedness of the solutions
	4. Asymptotic behaviour of the solutions
	5. Blow up results

	Chapter 3. Boundedness and large-time behaviour of solutions for a Gierer-Meinhardt system with three equations
	1. Introduction
	2. Notations and preliminary results
	3. Boundedness of the solutions
	4. Asymptotic behaviour of the solutions

	Chapter 4. Local existence and blow up of weak solutions for some fractional Hamilton-Jacobi-type equations
	1. Introduction
	2. Local existence of weak solutions
	3. Blow up results

	Chapter 5. Local existence and uniqueness of mild and strong solutions for some fractional Hamilton-Jacobi-type equation
	1. Introduction
	2. Local existence of mild solutions and uniqueness
	3. Local existence of strong solutions and uniqueness

	Conclusion
	Open problems

	Appendix
	Bibliography

