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Chapitre 1

General introduction

Quantum field theory is the unfinished coronation of quantum mechanics and the
laws of relativity. In spite of the exploit of its experimental predictions, it remains full of
divergences which one could not eliminate except by methods of regularization mathema-
tics and physical renormalization. Consequently, this major concern and this disturbing
trend were at the origin of the emergence of the theory of quantum deformation modeled
by deformed algebras where the parameters of the deformation are considered as being
cut-off of the theory.

During the last years, the deformed algebra plays an increasingly important role in
various fields of physics and particularly in quantum field theory and it has become a
very interesting perspective topic to physicists. In this regard, many various forms of de-
formed algebra were introduced and are used as model in several problems. Let us quote
some : the description of the low energy excitations of graphene and the Fermi velocity ,
is based on a deformation of the Heisenberg algebra which makes the commutator of mo-
menta proportional to the pseudo-spin[1]. The dynamics of systems with variable masses
in semiconductor heterostructures are formulated by deformed quadratic algebra [2],
the thermostatistics of g-deformed bosons and fermions [3], the g-deformed quark fields
4], the motion of a *He impurity atom in the Bose liquid [5land an atom placed in a

gravitational field [6].For this purpose, the relativistic and non-relativistic quantum me-
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chanics with and without spin have developed significantly in different contexts notably
in the framework of deformed algebras and many works are examined.

Historically, the first deformation known in the literature is non-commutative geome-
try proposed by Connes with a widely applications in different contexts. The conception
of this noncommutativity is due in the first place goes back to Heisenberg and Snyder
as a solution in order to absorb infinite quantities in field theories before the renorma-
lization formalism [7]. Since its establishment, its has continued to evolve and meet the
mathematical requirements of various situations effectively, as it has invaded certain do-
mains of physics. In addition, the noncommutativity between coordinates appeared in
string theory in relation with D-branes and the quantum Hall effect. Although the non-
commutativity between coordinates produces features including the breaking of Lorentz
invariance, UV /IR mixing phenomenon, the violation of unitarity and causality, there
are considerable motivations to study in this direction. Since the development of string
theory [8], several authors solved many problems with different methods in the framework
of noncommutative space. For example, central potential [9, 10]. The Landau problem
with a harmonic oscillator potential on the noncommutative plane and two-sphere are
studied in [11] , and the conditions for the equivalence of the noncommutative quantum
mechanics and the Landau problem are given in [12],Dirac and Klein—-Gordon oscillators
[13, 14, 15], Feshbach—Villars equation (spin 0) in interaction with a scalar potential [16]
, magnetic field[17], the Landau problem [18] and hydrogen atom [19, 20].

Another important deformation so-called the generalized uncertainty principle (GUP)
[[21] — [25]]can be obtained from a modified Heisenberg algebra (HUP), introduced in or-
der to take into account the effects of the gravitational field , when we incorporate the gra-
vity theory with quantum mechanic and it is characterized by the existence of a minimal
length scale in the order of the Planck length . This deformation has been used in different
problems as : black hole physics [26, 27],Bosonic oscillator in the presence of minimal
length [28], A generalized Bosonic oscillator in the presence of a minimal length[29],Klein-

Gordon Oscillator[30],the spinning particle subjected to the action of combined vector



and scalar potentials[31],waves equations with different potentials [32],Scalar electrody-
namics [33],the length scale of the material(graphen)[34],Dirac equation [35].

Besides of this deformed theories previously mentioned, its also exists a deforma-
tion linked to the topology of the physical space, in which the modified uncertainty
principle associated called the extended uncertainty principle (EUP) [[36] — [41]].In ad-
dition, in these research works, Mignemi showed that in a (Anti) de Sitter background
the Heisenberg uncertainty principle modified by adding corrections proportional to the
cosmological constant A = —3\?, where A\* < 0 for de Sitter space-time, and A\? > 0 for
anti-de Sitter space-time. The appearance of this idea (EUP) has drawn great attention
and many papers have been published, we find :the effects of IR gravity on quantum
mechanics[42],particles with position-dependent mass[43],the Ramsauer-Townsend effect
in g-deformed quantum mechanics [44],the DKP oscillator with a linear interaction in the
cosmic string space-time[45],the thermodynamic properties of the relativistic harmonic
oscillators are investigated [46] , Bosonic oscillator under a uniform magnetic field with
Snyder-de Sitter algebra[47],the corrections to Hawking temperature and Bekenstein en-
tropy of a black hole for Rindler and cosmological horizons [48],Bosonic Oscillator on
the de Sitter and the Anti-de Sitter Spaces[49] ,signals of the weak and strong deflection
gravitational lensings are studied [50], the quantum gravity effects in the vicinity of a
black hole[51] ,and the Klein—Gordon oscillator in an uniform magnetic field [52].

Finally and most recently, it is remarkable that, the presence of other forms of the
deformation such as : the new type of EUP cases [53, 54, 55|and the "Doubly-Special-
Relativity" (DSR) theories[[56] — [67]]. We note that the new EUP has been introduced
by the action of the translation operator in a space with a diagonal metric for the purpose
of describing the motion of a quantum particle in curved space . For the DSR theory ,
it was proposed by J. Magueijo and L. Smolin [60, 61] and it was characterized by two
observer independent large-velovity scale ¢, and large-momentum scale x.

Similarly in this direction, the path integral formalism has particular interest and

undergone notable development in various domains of physics with different topologies



modeled by deformed algebras. At this level, the introduction of deformed algebras would
probably be necessary . Because it makes naturally the relative scattering amplitudes to
be ultra-violet regularized and it also gives some information on the regularity and the
renorrmalization of statistical partition function where the parameters of deformation
being cutoff of the theory. Some problems have found their solutions via Feynman path
integral approach with only one deformation parameter . Consequently, in this regard,
a significant number of papers have been published. Citing for instance, the spinning
particle subjected to the action of combined vector and scalar potentials [31, 68] and the
Dirac oscillator [69, 70, 71| are treated via the path integral approach with deformed
GUP . In noncommutative space, the Klein-Gordon and Dirac oscillators [72], and the
harmonic oscillator related to energy-dependent potential [73]. And others important
similar references using path approach as : , the D-dimensional harmonic oscillator in
[74], the Klein Gordon particle [75],the construct the kernel for a free particle by [76], the
one dimension propagator for Dirac oscillator [69],the harmonic oscillator and the radial
hydrogen atom propagators related to energy-dependent potentials are analyzed [77],
the one dimension relativistic spinning particle with vector and scalar linear potentials in
[31], the Klein-Gordon equation with the energy dependent linear and Coulomb potentials
is treated in [78] the two dimensions relativistic Dirac oscillator [70], the one dimension
harmonic oscillator by [79] and the Coulomb potential [80] . However, despite its successful
results, Feynman approach still needs to be sharpened as a quantification tool since in
the case of deformation or that of constraints we do not know a priory how to discretize
the action without choosing the discretization procedure.

For pedagogical reasons, the main objectives of this work are the treatment some
fundamental problems of relativistic and non relativistic quantum mechanics by two
method of quantification : by a direct method , i.e. resolution of equations, and via the
formalism of supersymmetric path integrals within the framework of deformed algebras.
In order, to know the influence of this deformed theory in the physics result obtained as

for example the phenomenon of confinement on the one hand. In other hand, we believe



that Feynman’s approach is not yet finalized despite its successes. It still requires a deep
development, for example the case of systems with spin and their classical descriptions
via the trajectories, the theory of constraints and the principle of discretization and the
ambiguities encountered in the computation of quantum fluctuations within the frame-
work of deformed algebras. Therefore, our attempt through this work, is then to analyze
the example of the Dirac oscillator for spin % in the context of the EUP.

In this thesis, we have organized our work in two essential parts : -The first part is
composed of three chapters :

— In chapter 1, we give an explicit calculations of The Klein-Gordon equation (K-G)
in the context of in the context of new type of the extended uncertainty principle
and in the presence of certain interactions : K-G particle confined in a one dimen-
sional box, in the scalar particle with linear vector and scalar potentials , in the
Coulomb-type vector and scalar potentials. In all cases, we succeeded to determine
the energy spectrum and the associated wave functions.

— In chapter 2, we have studied the one-dimensional K-G and Dirac oscillators pro-
blems in the presence of a uniform electric field in the context of new type of the
extended uncertainty principle and the energy spectrum and the corresponding
eigenfunctions are extracted.

— In chapter 3, the three-dimensional K-G oscillator and the K-G equation with a
Coulomb plus scalar potential are treated in the context of Snyder-de Sitter algebra,
the energy spectrum and the corresponding wave functions are calculated and the
particular cases are deduced, such as the case of the absence of deformation and
the case of the zero electric field.

-The second part is devoted especially to the Feynman’s approach, we set up a super-
symmetric path integral formulation in the context of the EUP to establish the Green
function for the Dirac oscillator problem. Following the global representation for the cau-
sal Green function is obtained and the Schwinger proper-time method is introduced . To

determine the appropriate quantum fluctuations and avoid any ambiguities, we discretize



the measure and choose for any d-point discretization interval. With the aid of appro-
priate transformations, the propagator has converted to the case of the standard problem
of the Poschl-Teller potential. We obtained the energy spectrum and the corresponding
wave functions then we deduced also the special cases are considered . The last chapter

is devoted to a summary of the main findings and general conclusions.



Chapitre 2

Resolution of some relativistic
problems in the context of new type
of the extended uncertainty

principle :

2.1 Introduction

Besides of certain different forms of the deformed algebras models mentioned in the
introduction such as the case of generalized uncertainty principle, the (anti) -de Sitter
background associated to the topology of the physical space or the extended uncertainty
principle etc. ...., another deformed form has emerged in the literature of various areas
during these last years, known by the name the new type of EUP with a minimum
momentum dispersion[53, 54, 55]. This new type of EUP has been introduced by the
action of the translation operator in a space with a diagonal metric for the purpose of

describing the motion of a quantum particle in the curved space.



T, (0z) | x >=| x + 0z + yxox > (2.1)

where 0z is an infinitesimal displacement and the parameter ~ is the inverse of a cha-
racteristic length that determines the mixing between the displacement and the original
position state[53, 54]. This translation is non-additive, can be written as to first order in

ox

T, (62) =1 — “%”pv. (2.2)

where P, is a generalized momentum operator. This property changes the commutation

relation for position and momentum as

and leads a generalized uncertainty relation

AzAP, >

o St

(14~ (z)). (2.4)

The generalized momentum operator and the operators of position satisfying equation

(2.3) can be represented in Hermitian form by [53, 54]

P, = —ihD, and % =z, (2.5)
with
d vy
D. = |(1 — 4+ L 2.
; [( *W)dm*z] (2.6)

On the other hand, the nonadditive operator corresponds to the infinitesimal generator

of the g-exponential function[85]

exp, (z) = [1+ (1 —¢q) m]ﬁ , (2.7)
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where = is a dimensionless variable and A = (1 — ¢). The equation (2.7) represents
a fundamental mathematical definition for the generalized thermostatistics of Tsallis
and its applications [54]. For this purpose for see what kind of physical importance
the translation operator bears within this framework, some problems were solved for a
quantum system. For example, the study of a particle under a null potential confined in a
square well [53, 54], the solution of the quantum harmonic oscillator where the problem
is converted to the Morse potential case [86], the position-dependent mass system with
a variable potential [87] and, Arda used this displacement operator to study the particle
moving in an inverse square plus Coulomb-like potential which is similar to the Rosen-
Morse potential in usual position space [88], a deformed Bohmian formalism by means of
a deformed Fisher information functional and a derivation a deformed Cramer-Rao bound
in [89], a displaced anisotropic two-dimensional non-Hermitian harmonic oscillator and
graphics for the specific heat and for the entropy of both oscillators compared with several
experimental by [90], the classical mechanics in the curved space and Bohr-Sommerfeld
quantization [55] and a particle confined in a bidimensional box within a generalized
space [91].

The main purpose is to solve analytically and exactly in the context of this new type
of EUP for some important applications :

-Klein Gordon particle in a box model.

-Klein Gordon equation with linear vector and scalar potentials.

-Klein Gordon equation with inversely linear vector and scalar potentials of Coulomb-
type.

-Klein-Gordon and Dirac oscillators with a uniform electric field using the displace-
ment operator method.

Consequently, our attempt is to approach this new type of EUP for a relativistic
problem and to see the influence of this deformation on the properties of the systems

such as the confinement phenomenon and energy value of the Stark shift.
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2.2 Klein Gordon particle in a one dimensional box
case :

We consider a Klein-Gordon (K-G) particle without spin of mass m and charge ¢
confined to the following one dimensional box :

0, 0<x<L
qV (z) = . (2.8)

oo, elsewhere

So, in the context of this new type of EUP using the displacement operator method, the
stationary Klein-Gordon equation in the presence of a potential V' (x) in one dimensional

space is defined by : we put (h =c=1)

[(E—qV ()" = P2 —m’] ¢ (x) =0, (2.9)

where P, is given by (2.5) . Moreover, the continuity equation can be deduced from the

modified Klein-Gordon Eq (2.9) and its conjugate by this relation

dp
a5 +D,J,=0, (2.10)
with
1
= — (U0, ¥ — U9, U* 2.11

and J, defines the modified current density

1

Sy = 2m

(\11* (14 ) % W (14 2) ddq;*). (2.12)

Now, in order to solve the equation (2.9) in one dimensional box, for 0 <z < L, using

the representation (2.5) and the following transformation :
u= (14 ~z), (2.13)
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we obtain :
d? d 1 E?—m?
2 7 2Uu— — J = (. 2.14
(udu2+ udu~|—4—|— e )qb(u) 0 (2.14)

To transform this last differential equation homogeneous to another one with constant

coefficients, using the following change z = Inu, we get as a result :

@ d 1 E-m?
—+t—+-+—F =0 2.15
(dz2+dz+4+ " >¢(2> : (2.15)

whose the solution in term on the old variable is given by

—Lsin 2_m2M
¢ (z) = o0 (\/E . +§), (2.16)

where AV is a normalization constant. Using the boundary conditions ¢ (0) = ¢ (L) = 0,

the solution of (2.14) will take the following form

¢ (z) = —————sin (WM> : (2.17)

Y
with
In(1+~L
JEE el (2.18)
Y
This gives rise to the quantized energy
2,22
Ef=x fm24 1 (2.19)
In® (1 +~L)

Now, if we consider v = 0 absence of deformation, taking v — 0in (2.19) we find,

n2m2
B =y fm? + (2.20)

which is the result of the ordinary case[92].

The normalization constant A/ can be obtained from the normalization condition

of the U, follows from the modified definition of the scalar product for Klein Gordon
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equation :

/_+oo % (\PZ @) axlfgt(x) v, () Nétt(x)) . a1

o0

and by a direct calculation, we get

- 2ym
N = \/En In(1+~L) (222)

2.3 Klein Gordon equation with mixed scalar and
vector linear potentials case :

The dynamic of Klein-Gordon particle in (1 4+ 1) dimension in the presence of a scalar
potential S(z) and a vector potential V(z) in the framework of of new type of EUP is

governed by this stationary equation :
(P2 + (m+ S(x))* = (E = qV (2))*] ¥ (2), (2.23)
where the vector and the scalar potential are chosen linear as follows

qV(z) = Vo (2.24)
S(z) = Sox.

and we take SZ — V2 > 0 so as to avoid complex eigenvalues. We replace S(z) and V (z)
and using the representation (2.5) and (2.24), the equation (2.23) becomes :

d? 2 d A B
a2 elyw=o (2.25)

iz  udu T
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where we have used the same transformation (2.13) and this notation

Ve~ S5, 2ABVo+mSy) | B —m® 1

A= - 2.2
74 73 72 + 4 ( 6)
B 2(53 — V02) 2(EV0 + mSo)
B = A4 B ~3 ’
C=Y=0 "0 % - Ve :
y

To simplify the equation (2.25), we introduce,

P(u) = u? exp(—Cu)F (u), (2.27)

u—y = 2Cu,

so, the differential equation will reduce to the equation of the associated Laguerre poly-

nomials LF (y),

: +[(20+2)—y]i+§[0(0—1)+20+A]+%[B—20—200]} F(y) =

Ya dy
(2.28)
by imposing the constraint,
olco—1)+20+A=0, (2.29)
to eliminate the coefficient proportional to i, and
L [B—-2C —2Co] =n,
20 | ] (2.30)

204+2=Fk+1.

The relation (2.29) leads to the following expressions for o by

oot (e B (o p WYy
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Among these two solutions, the physically acceptable one is only o,. To extract the
energy spectrum, we substitute the expression (2.31) into the first relation of (2.30),

then it is straightforward to show that

2

2 2 2 2 2 2
g7V Vov/SE =T <n . 1) Lsi-we [ <n ., 1) _y@ntymSo  (@nt D)5
S0 50 2 50 V-V V-V

(2.32)

It is remarkable that the expression of the energy spectrum is a dependent function of the

deformation parameter v, v? and with powers in n, n? which explains the phenomenon of

confinement due to the new type of extended uncertainty principle. Moreover , for large

values of n, the second term is not defined of E*. In order to ensure the positivity of the

square root of energy, one must impose an upper bound on the allowed values of n.

Solving the equation (2.23) along with (2.27), (2.28) and (2.31), we obtain the final

form of the wave function in the former variable z as

101 (e S0=Y0) (y— p— S0+ Vo) 2 _ 12
?/)(..'L') :Nn)\ (1—’—7[13) 2+’Y\/< +E v . )( E O’Y >eXp{— (SO %)

" (1+-7$)}

2 MmeE— Bo=Y)(,,_ p_ SotVo) 2 __\/2
L (G )<2 S VO)(1+7x)>, (239

and N,,, is a normalization constant.

Now if we consider v = 0 absence of deformation, we replace y =0 in (2.32) we

find,
3
_m% + (Sg B %2>4

E* =
So So

(2n+1), (2.34)

which is the result of the ordinary case[95, 96]
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2.4 Klein Gordon equation with mixed scalar and
vector inversely linear potentials case :

In this case we choose the vector and the scalar potential inversely linear of Coulomb-

type as follows

Vo

qV(z) = Tzl (2.35)
S(e) = 12

Using the transformation u = 1+ 7 | « | and the representation (2.5), for = > 0, the
stationary Klein-Gordon equation in (1 + 1) dimension in the framework of of new type

of EUP (2.23) can be written as :

d? 2 d aq Qs a§
il — U(u) =0 2.36
du? N wdu i u? * u(l—u) (1 —u)? () (2:36)

where we replaced S(z) and V' (x) by their expressions (2.35) and this notation,

C2ABVa+mSo) e (EP—m?) 1

o = ZEOLED) gy B L (2.37)
2(F

Uy = ( %;—mSO)_2(Sg_‘/O2)7

agz\/sg—‘/(f), So > Vo

In addition, we note that this Eq (2.36) possesses three singular points 0, 1, c0. By means
of the substitution ¥(u) = u”(1—u)%(u), this equation will reduce to the hypergeometric
type

2

u(l — u)% +[(2p+2)— (2p+ 29 + 2)u] dii + a2 — 2pq — 2q]| p(u) =0.  (2.38)

17



where p and ¢ are fixed as follows,

:t \/ 52 V2) EVO+mSQ) - (E2;m2)
g (2.39)
¢=;+ \/

and the solution of Eq. (2.38) can be written as

p(u) ~2 Fi (a,b;c;u) = Z (a)k<b)ku_' (2.40)

with the parameters a,b and c are given by

a=p+q+3—iy/ T
b=p+q+35+iy/ B (2.41)
(EVo+mS, E2—m?2
c:1i2\/sg—vo2)— wtmbn) (B2 o)

The mathematical solutions of Eq. (2.36) in the former variable z as

U(z)) = Ny(1 +y2)’z3F1 (a, b6, 1+ yz) (2.42)

where N., is the normalization constant and the boundary condition that (v — lor z — 0)
leads the wave function tending to finite, the hypergeometric function reduced to a

polynomial with the following restriction

a=-—n, (2.43)
which is the quantization rule of the system and gives us the energy eigenvalues as

mSy+ 1 [(n+ q)* — (S% - 1%9]
V24 (n+ Q)

E,; =-V

N {voz [2ymsy +9* ((n+ 0 + (3 = $))° |
2

V2 + (n+q)°

18



4m? [(n + q)* — S3] — 4ymSo [(n + ¢)* — (S = V)] =22 [(n + 9)* = (52 — V)]’ :
Ve + (n+q)°

(2.44)
Also for this case, for large values of n, the second term is not defined . In order to
ensure the positivity of the square root of energy, one must impose an upper bound on
the allowed values of n.

Now in our analysis, it is interesting to study two particular cases

First ; if ¥ = 0 absence of deformation, we replace v =0 in (2.44) we

find,

_ 2 _ @2
+ m VoS im\/(n+Q) 50 (2.45)

VR4 (ntq) VE+(n+q)

Second, if v =0 and Sy = 0 , taking (7 — 0) and Sy = 0,the expression of

energy spectrum (2.44) become

op i S | — (2.46)
n 1 + V02
(n+q)*

which coincides exactly with those of the literatures|97].
At the end of this section, we mention that in the region x < 0, we get the same form

of the solution (2.42)if we make the change of the variables y = —x.

In this contribution, we have established an exact and explicit solution of some pro-
blems in the context of new type of the extended uncertainty principle using the displace-
ment operator method such as : The Klein-Gordon particle confined in a one dimensional
box, the scalar particle with linear vector and scalar potentials and the case of Coulomb-
type vector and scalar potentials. In these three cases, the exact analytical solution is
determined, the wave functions and the exact energy spectrum are obtained depending

on the deformation parameter v. On the other hand, the expressions of energy spectrum
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vary with all the power of n , which explain the confinement phenomenon. Also, it is
mentioned that for the last two cases, bound states are limited, the expressions of energy
are not defined for large values of n, one must impose an upper bound on the allowed

values of n. Finally the limiting cases are presented.

2.5 Klein-Gordon oscillator equation with a uniform

electric field

In regular space, the Klein-Gordon oscillator subject to an electric field © ks in one

dimensional space is defined by,

Okct (z) = [(p + imwi) (p — imwi) + m* — (E — q5£)2] Y (x) =0, (2.47)
which can be written as
{p* + (mM*w® — €%)2® + imwlz, p] + 2eEx — (B> — m?) } ¢ (z) = 0, (2.48)

where ¢ is the electrical charge and ¢ is the intensity of electric field. Note that we use
the units where A = ¢ = 1.

In order to solve the Eq. (2.48), we use the transformation (2.13) and using the
representation (2.5) and (2.3), the Eq (2.48) becomes :

w+udu

4 v

{ > 2d (1 (m2w? —e?)  2eE  (E*— m2)) 1
+ =4

2(m2w? —e?)  mw 2eE\ 1 (&2 —m*w?)
+ 1 R e a o e R
gl g Y u
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Introducing the notation

1 (mPw?—¢e%)  2eFE (E?*—m?)

1 p + > + o (2.50)
(2 m?w? — %)  mw 25E)
+ i

72 73
/ m2w2 _ 52)

(= 5 with mw > ¢,
~

we get
WA (% +2 - @2) ¥ =0 (2.51)
u u u

To simplify Eq. (2.51), we introduce,

(u) = u” exp(—Cu)F (u), (2.52)
u— y = 2Cu,

where o is a constant to be determined later. After using (2.52), the differential Eq. (2.51)

will reduce to the equation of the associated Laguerre polynomials L (y),

i —i—[(20+2)—y]i—l—1[0(0—1)—1—20—1—5]—1—%[77—2@—%0] F(y) =0.

Yy dy —y
(2.53)
We impose the constraint,
olc—1)4+20+06=0, (2.54)
to eliminate the coefficient proportional to i, and
=n—2( —2Co| =n,
5 [n =26 = 2¢0] = (2.55)
20+2=k+ 1.
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The relation (2.54) leads to the following expressions for o by

1 1 2w2—¢?2  2EFEe

o=ty m2oE2 4 (2.56)
2 v ¥ gl

Among these two solutions, the physically acceptable one is only o,. To extract the

energy spectrum, we substitute the expression (2.56) into the first relation of (2.55).

Then it is straightforward to show that

2
Er=—T [2n+1)Q-1] iQ\/m2+mw[(2n+1)Q— 1] - en+1)0- 1)
2mw 4
(2.57)
with Q = (m;“f*g). We should note that the expression of energy spectrum contains

all corrections of all orders of (57)2. This is related to the exact contribution to the Stark
effect in this framework of the deformation. On the other hand, it varies by the power of
n?, which explain the confinement phenomenon. For large values of n, the square of the
energy spectrum (E)2 becomes negative. Thus, in order to ensure the positivity of the
the square of the energy, one must impose an upper bound on the allowed values of n.

Expanding up to the first order in v2, we obtain

7 Q20 +1)Q - 1)?
2mw @+ )2 =1)F 8v/m2 +mw[(2n+ 1) — 1]
(2.58)

EF=+0y/m2 + mw[2n+ 1)Q — 1]

The first term in (2.58) is the energy spectrum of the usual Klein-Gordon oscillator sub-
ject to the uniform electric field. The second and the third terms represent the quantum
fluctuations due to the new type of extended uncertainty principle. It is remarkable that
the expression of the energy spectrum contains additional deformed correction terms de-
pending on the deformation parameter v, v? and with powers in n? which explains the
phenomenon of confinement. We can see that the energy spectrum in the context of this
deformation is smaller than the energy in the ordinary case.

Solving the Eq (2.47) along with the relations (2.52), (2.53) and (2.56), we obtain the
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final form of the wave function in the former variable z as

and N, is a normalization constant.

We can present our results graphically for some numerical values of the physical
parameters. We will take m = 1 and w = 10 in our analysis. We will plot the curves only
for E* as the curves for E~ do not show different physical behavior.

In Fig.(1), we plot the energy levels as a function of quantum number n for various
values of 7 and for ¢ = 0. We see that the values for non-zero 7 coincide. If we take
a fixed but non-zero ¢ as in Fig.(2), we find that the energy behavior is different. The
non-zero electric field yields a physical effect on the system. The Fig.(3) and Fig.(4) show
the behavior of the energy for varying v and for a fixed ¢ (we used ¢ = 0 and ¢ = 9,

respectively). Here, we see the effect of 7 on the energy behavior for some fixed n values.
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FIG. 1: (E7 vs. n) for = = 0 (Klein-Gordon Oscillator).
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FIG. 2: (E7 vs. n) for = = 1 (Klemm-Gordon Oscillator).
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FIG. 3: (E7 vs. ~) for £ = 0 (Klein-Gordon Oscillator).

FIG. 4: (E* vs. ~) for = = 0 (Klein-Gordon Oscillator).
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Some special cases

We can consider some special cases for vanishing v and ¢.

For v = 0, namely in the absence of deformation, we replace vy =0 in (2.57) find,

E* = FQy/m?2 — mw + (2n 4 1)mw. (2.60)

The case for ¢ = 0, namely in the absence of an electric field implies €2 = 1, and the

expression of the energy spectrum (2.57) becomes

E* = £/—2n2 + m?2 + 2nmw. (2.61)

In the case where v = ¢ = 0, we have the pure Klein-Gordon oscillator case. This limit

yields

E* = £V'm2 + 2nmuw, (2.62)

which is in agreement with the result of the ordinary case.

2.6 Dirac oscillator equation with a uniform electric

field

The Dirac oscillator with a uniform electric field is defined by the expression [98],

[ (p — imwpi) + fm] ¥ (z) = (E — qez) ¥(x), (2.63)
¢y (z . . .
where U(z) = and «, 3 are the Dirac matrices given by
¢y (@
0 —1 1 0
=09 = ,and [ =o03= . (2.64)
i 0 0 —1
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Note that we are using the units where (7 = ¢ = 1). Using the matrices (2.64) and the

definition of ¥(x) in Eq (2.63), we obtain the system,

(pz + imwz) ¢y = (B —m — ex)dy (),
(pr — imwz) ¢ = (E +m —ex)g, (7).

(2.65)

Introducing the notation II* = p, & imwz and M* = E + m — ez, the new form of the

system (2.65) can be obtained as

[I7¢, (v) = M~ ¢y (2),
¢, (v) = MT ¢y (z) .

In order to decouple the above system, we write ¢, in terms of ¢,
0y (x) = (M7) 1176, (),
and we replace it in the first equation as
I (M) ' ¢y (2) = M7, (),

using

It (M) = (M) I 4 [t (M) 7.

Then we multiply the whole equation by M™ on the left to get

[H*H‘ — MM~ + M, (M+)‘1]H—] 6, (z) = 0,

where [+, -] is the commutator between two operators.

(2.66)

(2.67)

(2.68)

(2.69)

We notice that the first two terms represent exactly the Klein-Gordon oscillator. We

use

Okg = I — M+M_,
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where

Oxe = (p+ imwi) (p— imwi) + m? — (E — qez)?, (2.71)

and the third term characterizes the spinor effect of the particle. Using the definitions,

the equation (2.69) can be written as

{@KG 4 (E+m—ex) {(px + imwe), ——— )} (ps — imwx)} 6. (x) = 0. (2.72)

(E+m—ex

By a direct calculation, the Eq (2.72) becomes

{ore — 22y, — i) 0 (0) =0, (273)

where we used the Eq (2.3).
To solve the Eq. (2.73) , we use the change of variable (2.13). Then we obtain,

d? 2 1 d n mw 1 ) T 9 B
{W+<_+ >@+—+——+—2+—_u)—<}¢1(U)—0, (2.74)

u 2 (r—u)  uw®  ur

1
0=-— 2.75
1 P M (2.75)
_(2(mPw® —€?)  mw  2€E
= A4 72_73 ’
1 nmw
T=|-——7
2 2 )7
2,2 _ 22
= (mw2 &) with mw > ¢,
v
E
L (EAm)
€

In order to simplify the Eq (2.74), we introduce

¢y (u) = u” exp(—Cu) G (u), (2.76)
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where o is a constant to be determined letter. We obtain

d? 20 + 2 1 d 1

u r—

1 mw 1

m(——C)JF

1
— (=200 +1n—2C) + 5
u v

To reduce this equation to a class of known differential equation with a polynomial

)(U+T)} G(u)=0 (2.77)

u(r —u

solution, we need to to eliminate the coefficient proportional to # We impose
o(lc—1)+20+06 =0, (2.78)
and this leads to the expression
aiz—lil\/m2—E2+m2w2_52 2k (2.79)
2 v o gl

Among these two solutions, the physically acceptable one is only o, and the second
solution leads to a non-physical wave function. We introduce z = % , then Eq. (2.77)

takes the form

d—22+ 20+2 1 o i+(—2T§J+r77—2TC+J+T>+(_T:?2w—|—1"c—0—7')
dz z z—1 d z z—1

(2.80)
which is the confluent Heun differential equation [93, 94]. Let us denote the confluent

Heun function by H¢, then the solutions can be written as

G(z) = Ci1Hc(a,b,c,d e, z) + Cyexp(b)Heo(a, —b, c,d, e, 2) (2.81)
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with

E 2,2 _ 2
a:—Z(ﬂ +m)+1> Onw4 =) (2.82)
€ v
9 2,2 2
=2y (Y,
Y Y Y
c=—2,
2 2 2
g 7(E+m)+1 2(m°w?® — %) 2k |
- 4 ~3
E 2 2 2
o v ( +m)+1 2(mPw? — %)  mw 2eE me
- 4 ~2 ~3 2
Then, the final expression for ¢, (x) is
¢ (x) = (1 +7z)°
eXp(_C (1 + ’71’)) C’lHC(a’ ba ) d, €, (1 —I;‘Pym)) + Oy eXp(_b)HC(a’a —b, ¢ da €, (1 hi Pyx))
(2.83)
Using the relation (2.67) and the expression of ¢, (z) we also find
62 (0) = g (1 Aa) 7+ 5 ) 6, (0 (2.5
QI—E—i—m—Sx Vige T T )t '

In order to have a polynomial solution for the confluent Heun equation, we need to cut
the series which are given by the recurrence relation. For a polynomial solution of degree

N, we impose [93],
d+b+c
a 2

+N+1=0. (2.85)

Using the condition (2.85) and replacing the parameters a,b and ¢ by their expressions

(2.82), we finally get the following energy spectrum

QN 2,2 _ 22
E* = —ey— £ Qy/m2 + 2mwQN — 42Q2N?  with 0= (mw? - &%)
mw

— (2.86)
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In this case, one notes practically the same remarks of the Klein-Gordon oscillator case.
The expression of the energy spectrum contains all corrections of all orders of (57)2 . This
is related with the exact contribution to the Stark effect in this deformation framework
and it varies with the power of N?, which explains the confinement phenomenon. For
large values of IV, the square of the energy spectrum (£ )2 becomes negative and, in order
to ensure positivity of the the square of the energy, one must impose an upper bound on
the allowed values of N.

Expanding the energy spectrum up to first order in +2, we obtain

QN H2O03N?
E* = £QvVm2 4+ 2mwQN — ¢ )
Trw T 2v/m? + 2mwQN

(2.87)

The first term in (2.87) is the energy spectrum of the usual Dirac oscillator subject to a
uniform electric field. The second and the third terms represent the quantum fluctuations
due to the new type of extended uncertainty principle.

We can also present our results for the Dirac oscillator graphically for some numerical
values of the physical parameters. We will take m = 1 and w = 10 in our analysis. We will
plot the curves only for E* as the curves for E~ do not show different physical behavior.
One can easily see that the energy behavior is the same as in the Klein-Gordon oscillator
case.

In Fig.(5), we plot the energy levels as a function of quantum number N for various
values of 7 and for ¢ = 0. We see that the values for non-zero 7 coincide. If we take
a fixed but non-zero ¢ as in Fig.(6), we find that the energy behavior is different. The
non-zero electric field yields a physical effect on the system. The Fig.(7) and Fig.(8) show
the behavior of the energy for varying v and for a fixed € (we used ¢ = 0 and ¢ = 9,

respectively). Here, we see the effect of v on the energy behavior for some fixed N values.
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FIG. 5: (E* vs. n) for = = 0 (Dirac Oscillator).

50

301
25-

20]

10 20 30 40
N

— 00 y-05——y-05

FIG. 6: (E* vs. n) for = = 1 (Dirac Oscillator).
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FIG. 8 (E7 vs. ~) for = = 9 (Dirac Oscillator).
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Some special cases :

We will consider some special cases for vanishing v and e.

For v = 0, namely in the absence of deformation, we replace vy =0 in (2.86) find,

E* = £0vm?2 + 2mwQN . (2.88)

The case for ¢ = 0, namely in the absence of an electric field implies €2 = 1, and the

expression of the energy spectrum (2.86) becomes

E* = £/m? 4 2mwN — 12N2, (2.89)
In the case where v = ¢ = 0, we have the pure Dirac oscillator case. This limit yields

E =+vVm?+2Nmw, (2.90)

which is in agreement with the result of the ordinary case.

In this contribution, we studied the exact solutions of one-dimensional Klein-Gordon
and Dirac oscillators subject to a uniform electric field in the context of the new type of
the extended uncertainty principle using the displacement operator method. The energy
eigenvalues and eigenfunctions are determined for both cases. In the Klein-Gordon os-
cillator case, the wave functions are expressed in terms of the associated Laguerre po-
lynomials and in the Dirac oscillator case, the wave functions are obtained in terms of
the confluent Heun functions. In the latter case, the energy eigenvalues are obtained by
the polynomial reduction of the confluent Heun functions. The analytical expression of
the energy spectrum contains corrections of all orders of (57)2. This is related to the
exact contribution to the Stark effect in this deformation framework and it varies with
the power of n2, which explains the confinement phenomenon. For large values of n, the
square of the energy spectrum (E)2 becomes negative and, in order to ensure positivity

of the square of the energy, one must impose an upper bound on the allowed values of n.
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The energy eigenvalues are plotted as a function of n for various numerical values of the
parameter v in order to show our result graphically. The limiting cases are also studied
using the special values of the physical parameters for both the Klein-Gordon and Dirac
oscillator. It is remarkable that the results obtained in this context of the displacement
operator can be interpreted as the case of systems with variable masses depending on the

position. This study really needs more details, will make the goal of a future project.
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Chapitre 3

Treatment of spinless particle on the
de Sitter and the Anti-de Sitter

spaces :

3.1 Introduction

In these research works [36, 37] , Mignemi showed that it can be derived from the de-
finition of quantum mechanics on a de Sitter background with a suitably chosen parame-
trization, that is, the Heisenberg uncertainty principle should be modified in a (anti)- de
Sitter background by introducing corrections proportional to the cosmological constant
AN = %, where R? < 0 for de Sitter space-time, and R? = 0 for anti-de Sitter space-
time[99]. This modification known in the literature by the extended uncertainty principle
(EUP), it can be achieved by modifying the usual canonical commutation relations. Over
past decades, the implications of this (EUP) hypothesis have developed significantly and

many works are examined for quantum mechanics and classical on the background (anti)

-de Sitter[38, 39, 44, 46].

In this analysis, first we are interested to study two fundamental problems of quantum
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mechanics in the context of (anti)-de Sitter spaces :
-To establish the exact solutions of the (143)-dimensional Klein-Gordon oscillator.
-To determine the corrections to the spectrum of the Klein-Gordon equation for
the coulomb plus scalar potentials using the perturbation theory. This gives rise to the
appearance of a minimal uncertainty in momentum. On the other, we also study the
effect of the deformation and the changes made to relativistic system in the framework

of the extended uncertainty principle.

3.2 Review of the deformed quantum mechanics re-

lation : de Sitter and anti-de Sitter spaces

The extended uncertainty principle (EUP) can be obtained from the definition of
quantum mechanics on (anti) de sitter (dS) space-time. It is well known that (anti)-de
Sitter space-time can be realized as a hyperboloid of equation 7,,("C ® = + R? embedded
in five-dimensional Minkowski space with coordinates (“(a = 0,1,2,3,4) and metric
Ny = diag (1,—1,—1,—1,4+1), when R — oo the de Sitter (dS) invariant special relativity
(SR) will be reduced to ordinary special relativity [100]

ds? = ,d¢*d¢" = B, (v)datds”; p=v=0;1;2;3, (3.1)

where the parametrization of the hyperboloid is given by projective (Beltrami) coordi-
nates [101, 102],
(3.2)

Ty = =

Ca

i ,  ahax”
B (ZZ}) = (1 — UT> (77# — R2 ) y (33)

is Beltrami metric. Note that, the Beltrami coordinate system, is similar to the Minkowski

and

one in a flat space-time, and the Beltrami de sitter (BdS) space-time is the dS space-
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time with Beltrami metric. The generators of de Sitter in Beltrami coordinates and the

momentum operators satisfy the following commutation relations [36, 37][103, 104, 105]

[J,LLV7 Jap] =1 (nyp‘],tw' - nya‘]up + n,ua‘]llp - n,ule/O') ) (34)
. iJuu
[J;w’pp] =1 (nuppl/ - nypp,u,) 1 [p/.uplj] = R2 ) (35)
and
. Ty
wwopd =i (n, +7555)5 (o] =0. (3.6)

where pn v = 0,1,2,3 and J,, are the generators of Lorentz transformations given by
J,uy = TuPv — TvPp
In the theory of SR on (A)dS space-time there are two universal parameters : the

speed of light ¢ and the cosmological constant A [100].

The non-relativistic modified commutation relations leading to the extended commu-

tation relations, is given by [39]

[Xj, Pk} = Zﬁ (5]k + OZXij> s
[Xj?Xk] =0, (3'7)
[Pj,Pk] = iﬁOéij,

where j,k =1,2,3, Lj, = X, P,— X P;, and « being the constant deformation parameter,
where « is a positive parameter proportional to the cosmological constant or inversely
proportional to the square of the anti-de Sitter radius (o« = H? :H? is the Hubble rate)[41],
and in the limit &« — 0, we recover the canonical commutation relations from standard
quantum mechanics.

As the case of ordinary quantum mechanics, the commutation relation (3.7) lead to
the following extended uncertainty principle (EUP)

(AX) (AP) = 5 (1+a(AX,)), (3.8)

N |
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which implies the appearance of a nonzero minimal uncertainty in momentum. The mi-

nimization of (3.8) with respect to AX; gives

(AP = /e, ¥ k. (3.9)

The most representation of the position and momentum operators obeying relation (3.7)
is given by

h 0

where the operators z; and p; satisfy the canonical commutation relation [z;, p;| = ihd;;.
Using the symmetrically condition of the operators of position and momentum, the mo-

dified scalar product can be written as

) = [ e e wheer =Y et (a1

1+ ar?)’

Now, the extended uncertainty principle for the de Sitter space dS space can be construc-

ted by replacing o — —q, in this case and contrary to the previous case, we will have,

(AX;) (AP) > = (1 - a(AX,)). (3.12)

N

let’s notice this relation does not give the minimal uncertainty in momentum, we get

(ap) 1/ . (AR) (ap) 1/ . (AP)
— S < )< — — .
T\t T S (AX) s o fad g (3.13)
and in the limit (AP;) — 0 the space become finite _\/La < (AX;) < \/La

A representation of X; and P; that satisfies for the de Sitter space dS space, may be
taken as

h
Xi = Ty, PZ = - (513 — Oé.%’iﬂfj) (314)
]

e

In the following section, we examine the Klein Gordon oscillator and The Klein-Gordon
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equation with a Coulomb plus scalar potential in anti-de Sitter space. we put (h =c = 1)

3.3 The (143)-dimensional Klein Gordon oscillator

in AdS space

In this section, we are interested in solving the (1+3)-dimensional Klein Gordon oscil-
lator, in position space with deformed commutation relations. In this case, the stationary

equation describing the Klein Gordon oscillator in (143)-dimension is given by
[(E* —m®) — (P + imwr) (P — imwr)] ® (r) = 0, (3.15)

where m is the rest mass, and w is the classical frequency of the oscillator.
Applying the definition of the position and momentum operators reported in sect (2),

the momentum squared operator can be expressed as

Pr=_ {(1 + ar?) ﬁr _2 (1+ ar?) L (3.16)

or r or Rk
and the Klein Gordon oscillator Eq (3.15) can be rewritten as the following differential

equation :

2 2 o 0% 2 N 2 22 2
(m® — E?) &= (1+ar)5 +;(1+a7“)a———mwr + mw (34 ar?) » @ (r).

)
(3.17)
Thus, it’s appropriate to split the energy eigenfunction ® into a radial part and an angular

part as :

¢ (I‘) = Rn,Z (7’) Yf,m (97 SD) ) (3'18)

40



where Y, , are the eigenfunction of the angular part.
LY (0,0) = £(L+1) Yo (0, ) (3.19)

This allows us to rewrite Eq. (3.17) as

[(1+ar2) j]2+2(1+ar2) d _te+])

dr 2 m*w?r? + mwar? + B —m? + 3mw | Ry, ¢ (r)=0.
r T T r

(3.20)

To solve this equation, we begin by making the following change of variable

Vap = tan~ ! var, (3.21)

which maps the interval r € ]0, 0o to p € ]O, ﬁa [ and brings Eq. (3.20) to the following

form
d? 2y/a  d al(L+1) mw 9 9 9
a2 + tan(Vap) dp  tan® (Vap) mw (7 - 1) tan® (vVap) + E* —m® + 3mw| R, ¢ (p)=0.
(3.22)

To eliminate the first derivative, we introduce the following ansatz

—Jalr d¢
Vel w0 g, (o), (3.23)

Rn,( (p) =e
after some manipulation, we obtain
d? al (f+1) mw 9 g2 9 B
(3.24)

Introducing now the following change of function

gne (p) = sin™™ (Vap) cos” (Vap) Fui(p), (3.25)

where o is a constant to be determined letter. By means of the substitution given in Eq.
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(3.25), the last differential equation (3.24)take the following form :

L +2va (tan‘ﬁla ) atan(\/_p)) —ao (20 +3)

Fmg (p) =0.
+afo(o—1) — 22 (22 — 1)] tan® (Vap) + E? — m? + 3mw — la

(3.26)

To eliminate the term tan? (v/ap) by demanding

mw (mw
_1__(__1)207 3.27
oo 1)~ " (™ (3:27)

then it leads to the following expression of o
op= 2 e =1 - (3.28)
a a

Among these two solutions, the physically acceptable one is only o, the second solution

leads to a non physically acceptable wave function. Then Eq. (3.26) simplifies to

2
[;;2 +2Va (tarf(t/lap) - W tan (fp)) —p — 2mw + E* —m? — ol |F nt (p)=0. (3.29)

At this stage, we introduce another change of variable defined by
n=2sin* (Vap) —1. with —1=<n=1 (3.30)

the equation (3.29) reduces to

d? mw mw d E?2 —m?2— ol — 20mw
0 gt (=T (4 22 2)0) o Fne (n)=0.

n 4o
(3.31)

which is exactly the Jacobi polynomials differential equation pled (n) whose parameters

a and b are given by imposing the following constraint

E? —m? — al — 20mw
4o

=nn+a+b+1), (3.32)
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mw 1 1
— S 3.33
“ a 2’ 2’ ( )

where n is non-negative integer and the solution can be written in terms of Jacobi poly-

nomials as

Eoe(m) =P 2" % (n). (3.34)

Using the the former variable r, we will have the following final form of the wave function

D :
rt me 11y far? —1
@, (r) :C(1+ Z)T%prﬁ o) < >Yg,m 0, 9), (3.35)
ar @

where C is the normalization constant.
To determine the expressions of the energy spectrum of Klein Gordon oscillator |,
using the condition (3.32) and replacing the parameters a,and b by their expressions

(3.33), we finally get the following result

ESM = £y/m? +2mw 20+ 0) + a[dn (n+ 1+ 1) + 1], (3.36)

where + denotes the positive (negative) energy solutions associated respectively with the
particle and the antiparticle for relativistic quantum systems.

Notice that the energy levels depend on the quantum number n and n? and for large
n it is asymptotic to

EXAMS 9, /am. (3.37)

This effect is due to the modification of the Heisenberg algebra. As a result, we remark

that for a fixed value of n, the energy E:{ lAdS increases monotonically with the increase
of the EUP parameter a. Expanding the expression of the energy levels to first order in

a, we obtain

a An(n+l+1)+1) > (3.38)

EFAS — 4 /m2 4+ 2 m+0) 1+ —=
nd Vm 4 2me (4 O (14 505 e )
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The first term is the energy spectrum of the ordinary 3d Klein-Gordon oscillator, while
the second term is the corrections brought about by the existence of nonzero minimal

uncertainty in momentum, and when we study the limit o — 0, we obtain

Eiflds = +/m2 + 2mw (2n + ), (3.39)

which is the same result in ordinary case. Before finishing this section, let us see the
influence of the EUP in dS on the energy eigenvalues (&« — —«) and by the same steps

and same techniques, we arrive

B — +\/m? 4 2mw (2n +0) — a[dn (n+ 1+ 1) + 1. (3.40)

In this case, for large values of n , the square of the energy spectrum (Eﬁfi)Q becomes
negative. In order to ensure positivity of the the square of the energy, one must impose

an upper bound on the allowed values n and .

3.4 The Klein-Gordon equation with a Coulomb

plus scalar potential in AdS space

The hydrogen atom is a fundamental problem of quantum mechanics ; it is of consi-
derable importance in atomic and molecular physics. it allows to understand the spectra
of hydrogenoids and to explain the structure of the energy levels and the spectra of
the atoms in the case of models with independent electrons or approach of an average
field. Furthermore, the hydrogen atom has grown enormously ;especially in the context of
deformed algebras and several papers have been studied. In non relativistic case, the spec-
trum and eigenfunctions in the momentum representation for 1D Coulomb-like potential
with deformed Heisenberg algebra are found exactly in [106, 107], for higher dimen-

sions, the problem becomes complicated, only perturbative solutions have been found
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[[108] — [111]]. On the contrary, in the case of relativistic quantum mechanics, no study
is presented, accordingly, our attempt through this letter will be addressed the problem
in question for the case of the Klein Gordon equation in the framework of anti-de Sitter

spaces.

To study the eigenvalue problem for hydrogen atom in 3-dimensional case we start

considering a standard Hamiltonian :

{P?* + (M + V(1) = (E+Vo(r)*}o(r) =0, (3.41)

where M and E denote the mass and the energy of the particle, respectively and r =

\/23:1 X?and P = \/25:1 P? satisfy deformed commutation relation (3.7). The Cou-

lomb potential and the scalar potential are taken as
Vi(r)=—— V,(r)=——. (3.42)

The scalar potential is added to the mass term in the Klein Gordon equation and may be
understood as an effective position-dependent mass, which is of considerable significance
in various areas of physics, citing for instance quantum well and quantum dots[112, 113],
in the description of electronic properties and band structure of semiconductor hetero-
structures [114], ...etc.

Now, we apply the definition for X; and P; (3.10) reported in section 2, the momentum

squared operator (3.16)can be expressed

0? 0 2 o L?

2 2)2 2 2
PZ—(l—l-O{T)%—(I—FON‘)ZQTE—;(l—I-CW’)E—Fﬁ, (3.43)
if we expand (3.43) at the first order in «, we have
P2:—(1+2ar2)a—2—2(1+20¢7’2)2+L—2+O(042) (3.44)
or? r ar  r? ’ '
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therefore, the Klein Gordon Eq (3.41) can be written as follows

0?2 g L? V. Vi
_ 2y 9 4 2y ¢ L7 _ Vsv2 o Vo2 _
o) 2= 2zan) 2+ B r- Yy o Bydue <o
(3.45)
or as follows;
_ 8_2+22 B P 8_2+22 +L—2+(M—E)2—(E+E)2 Y(r) =
or?2  ror or?2  ror r2 r r o
(3.46)
and using this replacement
72 20 10
o ror ror?’ (347)
the Eq (3.46) becomes
1 0? o (107 L? Viio Vi
To solve this equation, using this separate form ;
R*(r
o) = 0y, (0.0). (3.49)

where Y, (6, ) are spherical harmonics, eigenvectors of the orbital kinetic moment

L1 (0,0) = €(0 4+ 1) Vi (0,0) = (k - ﬁ) Vi (6,0) (3.50)

with & = [ + 1. Substitution (3.49) and (3.50) into Eq. (3.48), We obtain the radial

equation of the Klein-Gordon equation in AdS space :

2 2 2_y2_1 2
—d VeV 4+(M2—E2)—2(M‘/S+E%)—2ar2<d >+O(a2)

W + 2 RQ(R>:0,

(3.51)
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which can be written as
[Ho + aW + O (a®)] R*(r) =0, (3.52)

with Hj represents the undisturbed Hamiltonian corresponds to the ordinary case a =0

of the Klein-Gordon equation for Hydrogen atom with scalar potential given by

2 RVl 2 (MV, + EV,)
Hy=—— s v 4 M? — E?) — i u 3.53
0=—73 T 3 + ( ) . (3.53)
and W is the disturbed Hamiltonian
2 d2
W =—-2r"—:. 3.54
4 dr? ( )

To simplify the shape of Hy and W | introducing this notation

EV, + MV, 1
6:ﬁ,yz\/k2+‘/;2—%2—5 andCL:\/MZ—EQ s (355)

we will then have

d? V(V—i-l)_i_aZ_@

Hy=—+—— .
0 72 + 2 " (3.56)
and the new the expression form for W,

W =—=2v(v+1)+2r* (Hy — a*) + 4rap. (3.57)

We have used (3.53).

In order to study the influence of this deformation on the energy levels of the hydro-
gen atom we will consider the term aWW as perturbation in ordinary quantum mechanics.
Therefore, the perturbation theory can be used to calculate the correction to the energy

levels of the hydrogen atom in the first-order in a and to avoid complex spectra, subse-
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quently, we consider the case of the weak Coulomb potential such that k*+ V2 —V?2 > 0,
otherwise the solution becomes oscillatory .

Now, for a = 0, the exact solution of the ordinary Klein Gordon equation for Hydro-
gen atom can be found in [115, 116]. The eigenvalues and the corresponding normalized

eigenfunctions expressed according to Laguerre’s polynomial are given by

n/'IT'(2v + 2)

RO/ - Nn/
wo(7) "TQv+2+n)

(2@7“)1”rl e“"Li?H(QaT) (3.58)

where N,,; is normalization constant determined by this condition

/ R% ("R, (r)dr = 1. (3.59)

By using the recursion relation for Laguerre polynomials [117]

sl =2n+ v+ 1)L — (n+ 1) L2 — (n+2v + 1) L2 (3.60)
and
r 1
d? = /xaeILg () LY (x) dx = w (3.61)
n!

where d2 is the square of the norm of L% (x), the normalized radial functions are

an'! v —ar 7 2v
) = \/(u +n'+ )T Q2v +2+n) (2ar)™ e L 2ar) (3:62)

and the corresponding energy spectrum, eigenvalues of the radial part of the Klein-Gordon

equation with a Coulomb potential and scalar potential is deducted by this condition

b—v—1=n
2}, (3.63)

< ViVe >2_V3—62
Vi) VE+p

EﬁOi:M { B V;/:‘_/?)BQ
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or

1
e W[y !
mt V2 4+ (v+n—1)7° V24 (v+n—1)° V2+(w+n-0% [’

(3.64)

where we have introduced the principal quantum number : n=n'+1+ 1.
Now, to determine the correction of the energy levels associated with the disturbed
Hamiltonian W (3.57) due to the anti-de sitter space-time, we use the first-order pertur-

bation theory in the deformation parameter «,

0B = a [ R (r) (W) R r)ir
=a[-wr+1)< @ > 408 <V > 242 < ¢ > (3.65)

where

< rlm > /rng}‘(r)Rgl(r)dr. (3.66)

For the calculation of expectation of value of < 7™ > we take advantage of the properties

(3.60) and (3.61) and a straightforward and long calculation leads to

<r®>=1
<rM >= /ngj(r)Rgl(r)dr = m Br+n—-10)%*—v(v+1)] (3.67)
<@ 5= /TQR%(T)Rgl(T)dr = L[5 -2 41— 3u (v + 1)

Then the first order of the perturbation theory takes this form

aEV =al(v+n-10)?-v(v+1)-1]

2 2
(3.68)

1 2 1 1
:a{<\/k2+vs2—vv2—2+n—l> —(x/k2+V3—V3—>( k2+Vs2—Vv2+)—1}
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which represents the quantum fluctuations due to the extended uncertainty principle on
(anti) -de sitter space-time, depending on the powers in n? , explains the phenomenon of

confinement and the expression of the hydrogen atom energy levels is modified as

ViV

v2e (VEEVE V- ban)

AdSpat_\p)
7Z_

n

1
2 272

ViVe VI (VEFVZ=VZ=4+n-1)
Ve (VESVESVR-banot) | v (VRS VE VR ben )

+a{(¢m—;+n_z>2_ (v - 1) (Vv Tz L) _1}+o(a2).
(3.69)

In this last expression of the spectrum (3.69), we notice that the spectrum energy on anti-

de Sitter is bigger than the energy in ordinary case. Before concluding this paragraph,

we would like to see the influence of space dS on the eigenvalues of the system (o — —a).

By the same steps, the energy eigenvalues of the system will have the following form

VsV

Vit (VEIVE TR bn1)

dshat__
ETM—M —

W, V- (VERVE-VE - b n-i)’

+ —

Vi (VRS benl) ) Ve (VPRVESVEfenl)

1 2 1 1
—a{(x/sz—l—Vf—sz—Z-i—n—l) - (\/k2+V52—V1, —2) ( k2+V32—V3+2> —1}+O(a2).
(3.70)
In this case, we can see that the energy spectrum (3.70) on the de Sitter space is smaller

than the energy in ordinary case.
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In this contribution, we have investigated the three-dimensional Klein-Gordon oscilla-
tor and the Klein-Gordon equation with a Coulomb plus scalar potential in the context
of quantum deformations for the (anti)- de Sitter algebras. For the 3-dimensionals Klein-
Gordon oscillator, according to the symmetry of the system, we used the adequate ra-
dial representation and some change of variables, the problem has been converted to
a differential equation of type Jacobi polynomials. The energy eigenvalues and their
corresponding eigenfunctions are exactly and analytically obtained . For the case of the
Klein-Gordon equation for hydrogen atom, the problem is complicated and in order to
determine energy spectra, the perturbation theory has been applied to calculate the
correction to the energy levels in the first-order in «. In both problem, we show that the
spectrum energy on anti-de Sitter is bigger than the energy in ordinary case contrariwise

in ds space , the energy spectrum is smaller than the energy in ordinary case.
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Chapitre 4

Reformulation of supersymmetric

Feynman’s approach in the context
of deformed algebras :the EUP

Dirac Oscillator

4.1 Introduction

It is well known that the spin is a fundamental physical quantity in quantum physics
and plays a significant role in various areas of physics, in particular, in the explanation
of the mesoscopic phenomena. In the relativistic case, the exact analytical solutions of
physical models much required, enables us to explore at the same time relativistic and
spin effects, and the relativistic principles require that space-time must be described in
the unified manner. Indeed, Feynman’s path integral formulation for systems with spin
has not yet been definitively achieved due to the discrete nature of the spin and the re-
quirements of relativistic invariance. In fact, path integral uses classical and continuous
concepts such as trajectories whereas the spin is irreducibly of a discrete nature, without

classical equivalent, and to satisfy the relativistic invariance requirements on the other
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hand. To overcome this difficulty within this framework, some models were presented for
this purpose. For example, the Feynman attempt for the free Dirac electron using the
Poisson stochastic process [118], the Schulman description of the spin of a nonrelativistic
particle by the top model using the three Euler angles [119], and its extension to the
relativistic case [120], the Barut—Zanghi theory for the classical spinning electron related
to zitterbewegung [121], the Bosonic and Fermionic Schwinger model in the related co-
herent state space [122, 123, 124] and the supersymmetric model using the Grassmann
variables for the spin evolution with many developments [125, 126, 127, 128].

Recently, the applicability of this Feynman formulation for the spin system has under-
gone notable development in various domains of physics with different topologies modeled
by deformed algebras. For example, if you take the effects of the gravitational field in
quantum mechanics in presence of the generalized uncertainty principle (GUP), a signi-
ficant number of papers have been published. Citing for instance, the spinning particle
subjected to the action of combined vector and scalar potentials [31, 68] and the Dirac
oscillator [69, 70]. In noncommutative space, the Klein-Gordon and Dirac oscillators [72],
and the harmonic oscillator related to energy-dependent potential [73]. And others im-
portant similar references using path approach as, the Klein-Gordon equation with the
energy dependent linear and Coulomb potentials is treated in [78] and the harmonic os-
cillator and the radial hydrogen atom propagators related to energy-dependent potentials
are analyzed [77].

Our attempt through this work is to set up a path integral formulation to establish
the Green function for the Dirac oscillator problem in the context of another type of
deformation due to the topology of the physical space called the extended uncertainty
principle (EUP) , as an example in the (anti)-de sitter background, the Heisenberg uncer-
tainty principle is modified by introducing corrections proportional to the cosmological
constant.

At the same time, it is important to remember that the Dirac oscillator was introduced

for the first times by [129, 130]. It was the subject of many developments and received
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considerable study in various areas of physics. For example, it appears in quantum optics
[131], in nuclear physics [132], in noncommutative geometry [133] and in graphene physics
[134]. It is used as the confining part of the phenomenological Cornell potential and an

intergroup potential in quantum chromodynamics.

4.2 Brief review of (anti)-de Sitter one-dimensional
background

In this section, before starting the calculations, it is important to expose some use-
ful formulas and notions which will be used later. In this case of one dimensions, the
expressions of the following relations (3.7), (3.8), (3.10) ,(3.12) and (3.14) become :

- For the Anti-de Sitter space,the modified commutation relations leading to the

extended commutation relations is given as [136],
[)2’,15} = <1 + af(2) , (4.1)

where « is a positive deformation parameter proportional to the cosmological constant,
or inversely proportional to the square of the anti-de Sitter radius (o = H? : H? is the

Hubble rate). Which lead to the following EUP :

(AX)(AP) > = (1+a(AX)?), (4.2)

DN | —

According to (4.1), the X and P operators in this representation can be realized by

operators T and p, as follows :

~
X =
A Y

P=(1+as?)p

=

+

with £ and p satisfy the usual Heisenberg canonical commutation .
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Moreover, for the de-Sitter space, it can be constructed by replacing o —(—a’ )
where o is a positive parameter, we have (AX) (AP) > 1 (1—o (AX)2) :

While the representations of X and P can be thought of as,

X=a; P=—1(1-d2? c‘% (4.4)

We note that the momentum operator P is not symmetric in all Hilbert space L? (R, dx) .

For this, we need to change this space into subspace L2 (]R, doxr = Hd#) .This makes

the modified scalar product of two functions 1(z) and ¢(x) in position space basis {|x)}

as

(o] ) = / o (1) (z) dac. (4.5)

From this modification, we can construct the closure relation as follows

/_ Oodax |z) (x| =1, (4.6)

[e.e]

and the corresponding projection relation is
(z|2) = (1+ a2®) 6 (z — a'), (4.7)

otherwise

(z|2') = /_+00 dp exp [Z—Z (arctan v/az — arctan \/am')] . (4.8)

Then we use the simplified form

(a

Assuming no deformation for the time component, we have

p

+o0
pdp wp
x’> = /_OO o &P [ﬁ (arctan v/az — arctan \/aa:’)] . (4.9)

“+o00

(0] ) = 8 (20 — 2 | /_ do |o) (o] = 1. (4.10)

o0
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In the following section, we concentrate on the explicit calculation of the Green function

for relativistic Dirac oscillators in the context of the EUP, by using the path integral

formalism.

4.3 Dirac oscillator

As it is known, the Dirac oscillator propagator in (1 4+ 1) dimensions is the causal

Green function S© (13, z,) of the Dirac oscillator equation, which is defined as
(*y“f[bu—m) SUAAS) (bt ) = — (14 az}) 8 (xp — 24) 8 (ty — ta) , (4.11)
where the components of ﬂu are expressed as
[y=F, I, =P — zmw”yof(. (4.12)

Here the operators (X, P) satisfy the commutation relations of the EUP, which is defined
in the relation (4.1). While v, are the Dirac matrices verify the commutation relation
{y*, 4"} = 2n*” with the metric n** =diag(1, —1) and u, v = 0, 1. These Dirac matrices

can be chosen in terms of Pauli matrices o* as follows :

1

vt =ic! and A’ =03 (4.13)

The corresponding solution of Eq. (4.11) is defined as the inverse of the Dirac operator

01,

SOAS) (5, 7y = — <xb ‘ (01

7a) =~ (w |0% [0204]

:c> . (4.14)

04 are defined as fy“lcl/L +m and Oi represents to the global Dirac projection operator.

Now, following [138], the global representation for the causal Green function is obtained
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by inserting the completeness relation for the space-time states given by Egs. (4.6) and

(4.10) between the operators O4 and [O‘i@fﬂ 71, we get
SADS) (g 1,) = (”y“f[u + m) GUA) (z, x,) . (4.15)
b
Here G99 (g, 2,) is the global Green function defined as

GUAS) (g, 2,) = — <xb ‘ [Oi@i]fl

:Ua> ; (4.16)

and introducing the Schwinger proper-time method, the Green function G (xhf, zh)

becomes

“+o0o
GAIS) (g oy — 4 / dX (2t [exp (INH)| 2 (4.17)
0
‘H is the Hamiltonian of the system in question whose quadratic form, and will reduce to
H=010% = B — P? — m*w?*X? — m? + mw’ (1+af(2) : (4.18)

which is associated the case of anti-de Sitter space and their corresponding representation
(4.3). Then by taking into account the properties of the following exponential matrix,

will simplify to :

exp [z)\mw*yo (1 + a)A(zﬂ = cos <)\mw <1 + aX2>> +17%sin <)\mw (1 + aX2>> ,
(4.19)

or in another form

exp [Mmuwo (1 + aXQ)} = Z XsX! exp [Msmw (1 + aX2>] : (4.20)

s=+1
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where x| = 2 ( 1+s, 1—s ) . Substituting (4.20) into (4.17), the global Green function

can write as follow

G (k) = Y X xEGU™) (a2 (4.21)
s==+1

G (24!, 2#) is the new global representation defined by :
“+o0o
G () = [ A (af exp (AR ) (422)
0

and

HE = — [POQ — P2 —m? — (mw)® X? + smw (1 + aX2>] : (4.23)

At this level, to derive a path integral representation for G4?5) (i, x), we follow the stan-
dard discretization method, we write exp (—MH(S)) by [exp (—z/\H(s)/ (N + 1))]N+1

and we insert N times the identities of Eqgs. (4.6) and (4.10) between each pair of opera-
tors exp (—1eAH®)) infinitesimal with e = 1/ (N + 1). Then, taking at the end, the limit

N — oo, the expression of G499 (24! x#) becomes as,

) N N+1
G(AdS) (xb7:c“) -1 hm DA H [/ daxjdxoj] H <.73j,1:0j‘ [1 — ZE/\'H(S) + 0 (57122)} |1;j_1$0j_1>,
N—oo /oy j=1 j=1
(4.24)
where g = T4, Zoo = Toa, Tn+1 = Tp and Toy+1 = Tep. Using the relations (4.3) and (4.9)

into (4.24) , and introducing the integral representation follow :

A arctan (/o
(T, moj | Tj-1,Toj-1) /—exp (2poj Ao;) /—e Xp <p %>, (4.25)
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we will get the following expression

o] N N+1 . .
GUIS) (gt piy = — lim | dX ] { / daxjdxoj] I { / dﬂ@}
0 7j=1

N—00 j:]. 27T 27T

N1 A arctan(+/ax
X exp {z > {p]% + pojAzgj + €A (poj
=1

—p? — (mw)? x? —m® + smw (14 aazf))} }. (4.26)

The Gaussian integration on the p;, zo; and pg; variables is immediate, we obtain

g(AdS) (iﬂg,l’u) = — lim d/\/ Po zpo ZTob—T0a) H /d €T N+1
¢ N—o0 ! \/47TZ/\€

< exp {ZNZH {(Aarctir;\iij))Q +eX (2 — (mw)? x2 —m® + smw (1 + ozx?))} } . (4.27)

i=1

It is remarkable that our system converted to the case of the position-dependent effective
mass. Now, in order to make this expression to the ordinary form of the Feynman path

integral with constant mass, we will use the following coordinate transformation method,

y=f(x), Y=o (4.28)

This new y—variable changes in the interval ]—ﬁa, —i—ﬁa[ according to variables of
x in the interval |—o00,400[. In order to determine all quantum fluctuations, we per-
form the corrections associated with measure and action terms : (d:rj J(1+ ax?-)) and
((A arctan (\/axj))z / 4)@04) to get the conventional form of Feynman path integral. To
determine the appropriate corrections and avoid any ambiguities, we discretize the mea-
sure and choose for any §-point discretization interval (2§ = dz,+(1 — §) x,_;) according
to the technique used in [69]. So after straightforward calculations, we obtain the total
quantum correction with two approaches, Kleinert method [139] and standard method
[140]

ComPw?
= 27e

CE (1 + tan?(v/ay)) 6 (26 — 1), (4.29)

leinert —
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and

m2w?

Clohand = 2i€A [(1— 86 + 86°) tan®(vay)] - (4.30)

In order to obtain the exact results we should give the two values of §, when using
Kleinert method [139] we will find § = 0,1/2, and when using a standard method [140]
we get § = % (1 +1/ \/§) . These points are the same obtained in one dimension case with
generalized uncertainty principle [69]. Under these considerations we will simplify Cr to

zero, and the amplitude G449 (v;', y) becomes as follows :

00 N dpo ) N+1 A2 5
G (yp, ) = — / dA / 20 cimo(uon—yoa) T A pi—m*+ome]
(v > Yar) i ]EII o }31

XKD (g yh) - (4.31)

Here K1) (y;', y~) is identical the propagator to the standard problem of the Poschl-
Teller potential defined by

N N41 1 (Ay-)2 m2w?
KED) (P )= 1 . 3 _ 2 . _
(i, yt) Ngnoojl;[l DY j];[1 mexp s ) - smw | tan? (vow;)

(4.32)
While in the case of de-Sitter space we replace a by (—a), and it is given the standard

problem of the modified Poschl-Teller potential.

4.3.1 Calculation of the propagator

The path integral of y(¢;) in Eq. (4.32) (i.e., anti-de Sitter space) is exactly the
propagator associated with the Poschl-Teller potential. Which is solved exactly in Refs.
[140, 141], and equals

G99 (i = —u T [ ax / B0 imatyor—yoe) (22 [p - o]
o 2m
0

— 00

> s PT) *
x [Z@ M wET) (y) (WD) (ya)], (4.33)

n=0
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with E,(liT) is the energy spectrum associated to the Poschl-Teller potential, which is
defined as
EFD — ¢ (n®+ (2n+1)n,), (4.34)

n,s

and ¢(]’3 ) (y) are corresponding the wave functions and given by

7l (n+ 2n,)

WD () =T ) \/ 21 0t 1)V (o () O sin (V) (439

1—-s mw
- 4.36
5 T (4.36)

Ns =

7, is parameter determined according the condition of the extended uncertainty principle,
and the characteristic length of oscillator, retaining the solution associated with ™ > 1,
the values n, = =% n_ = 1+ == are accepted. While the other negatives values are

rejected. Substituting (4.33) into (4.21), the propagator becomes as :

(P
G(AdS (gl ) = / d}\/dpo po (Yob—Y0a) Z Z XX T 1)‘ po m?+smw—Ey, ]

n s==£1

X [(F (773))2 & ns;l?éin;;?; va (cos (\/&%))ns Cs (Sin (\/Eyb))

x (cos (vVay,))" CPs (sin (Vay,))] - (4.37)

An integration over \ to give this expression

22775 n‘ n+77$ dp €Zp0 Yob— yOa)
G (yff gty = =1 > > (T (ny))? \/_/ - XsX!

n s==£1 7TF 7’L+2’I78 27 pO ns

x [(cos (Vayy))" CPs (sin (vVays)) (cos (Vaya))™ Cle (sin (vVaya))] . (4.38)

with
Enys (po) =m® — smw + ET. (4.39)
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The above equation (4.38) lacks the integration over energy py. This can be converted to
a complex integration along the special contour C', and then using the residue theorem,

we have :

k
_ e—iE'SLe,)s(yOb_yOE)@ (6 (yOb — yoa)) , (440)

where € = £1 and © (z) is the Heaviside function. This gives the following poles :

B = w95 — £\ /m2 — smw + a (n? + (2n + 1) 1,). (4.41)

n, n,s

Using the residue theorem on global Green function expression defined in Eq. (4.38). The

integrations over p, are carried, and becomes as

G () = 0 30 3 DD (g

e=+1ls=+1 n s (n + 2775)
e*iewgf‘sds) (yob—Y0a)
X

cias——© (€ (b — Yoa)) Xox1 (cos (V) )™ Cle (sin (Vays))

2€wn, s

x [(cos (Vay,))™ C (sin (vVay.))] - (4.42)

Furthermore, we can get the global Green function G%) (yI', y*) in de-Sitter Snyder case,

just by changing o by (—«) with retaining the term of 7,.

4.3.2 Spectral energies and Spinorial wave functions

To obtain the exact solutions for the wave functions and spectral energies for the
system governed by the Dirac equation, it must bring the corresponding spectral decom-

position of Dirac oscillator in (1+1) dimension in the context of the EUP by the act
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operator (v/II, 4+ m), on Eq. (4.42). This will be simplified as

0 0 mw
(AdS) _ 3 0 1( 9 3w
S (xp, o) 1 [w ven +0o (ayb +0o Ta an (\/&yb)> + m}

2211 (n +n,) Va e‘iswv(fsds) (Yob—y0a)
8 L (n.))° - 0 . f
szzl::l zn: {< 7)) I (n + 2n,) 901 (s (Yob — Yoa)) XX

x [(cos (Vags))™ G (sin (Vags)) (cos (Vaya))™ G- (sin (Vaya)) ]}
9 22ns—1py| (77, + 7]8) \/a 6+isw£fsds)(y0;,—y0a) i
" {_ (T {m.)) 7L (n + 2n,) ZW%ﬁdS) O o =)o
X [(cos (\/&yb))ns Cls (sin (\/ayb)) (cos (\/aya))ns Cls (sin (\/aya))] } . (4.43)
With some known relationships in algebra matrices for Dirac, we have

1

0°Xs = SXs» O'Xs=X_, and o°x, =isx_,, (4.44)

and with helping of Gegenbauer’s polynomials properties [142],

awCn (w) = 200715 (u),

nCM(u) = (20 +n — D)uC”_, (u) — 2n(1 — u2)C"L (u), (4.45)
(27 +n) CI(u) = 2n [CI (u) — uCl*y (u)]
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we can write the Green function through a straightforward calculation, as follows :

§(448) (20, 7)1 Z Z T (775))2 221~ pl (n + n,) a (cos (\/ayb))ns (Cos (\/aya))ns

s= :tl n ml’ (n + 2/’75)
ZSWn s yOb yOa) (ds) T
2w (AdS) © (s (Yoo — Yoa)) [(wn,s + m) Cts (&) O (€4) Xs X4

- (

+stns ) (yob—y0a)
{ Res O (=5 (yo» — yoa)) [(~wid) +m) Ol (&) Ol (€,) Xox]

) +*) tan (va) €I (&) + 21, cos (V) €14 (€)] O (€ x|

[ (1 > 1+—)tan(fyb) c)ls (fb)—1—2775008(\/&%)023-1{1(&6)} ol (fa)xsxi]}.
(4.46)

Now, to obtain the spectral energies and corresponding eigenfunctions, we must unify the
expression of energy Eﬁfl Which leads us to make the following changes on the second

term in the Green function, which are multiplied by © (—s (yo» — %oa))

5 — 8§ = —s,
n—n =n-—s,

N = Ng =15 +s. (447)
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After these changes, we can write

2 27l
A9 (4, 5 = 1 3 ST n!(n+n,) Vo

== ' (n + 2n,)
 (cos (V)™ (cos (V)" =806 (5 (4o, — yo))
x { (W) +m) O (&) O (£,) xoxi+
i Va {— (F57) (1+ ™) tan (vam) € (@
v (150 2 ) con (V) €2 (8] 2 (€0
—{[ (-l 4 m) et () O (€ v
o [ (157) () ) 27

+2 (1 —;— S + @) cos (\/_yb) OZS+S+1 (fb):| CZZSJ;S (€) XSXTS} (4.48)

From above expression, we can rewrite the causal Green’s function as follows :

S(Ads (Tp, Ta) = —1 Z ZeXp st d5) (yob — yOa)) © (s (Yob — Yoa))

s=+1 n

221 lnl(ntn)va [ miwia) n
X [F (775) \/ 7T (nt2n,) 2w(£d§) Cns (Ub) 19bSXs

22(ns+5)~1(n—g)!(n o« [m— w%As ) s+s s+
‘H\/ar (775 + 5) \/ ﬂp(fHQn)SErJnS)f 200 (A5 Cm ( b) 792 X—s]

22ns—1pl(p s)V o m+wns s
x [P (71.) \/ wr(n(+2+nz))f 2 (AdS) (]ns (ua) V5o X!

(AdS)

FV/aT (i, + ) o B ) [ D one (o) 19Zs+SxT_s].

wI(n+2n,+s) 2% (Ads)

(4.49)

In Eq. (4.49) we have two types of propagation, one with positive energy (—{—Efzti) pro-
pagating to the future and the other with negative energy (—ET‘L‘,Z“) propagating to the
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past. Consequently, we obtain this result in the former variable,

S ( ty — ta) Z Z O (ty — ta) T () B (1) - B (=t 4
$b7$a7 b lg) — — . )
s=+1 n (C] (_ (tb - ta)) \I/%O‘)_ (xb) \I/%a)— (xa) eZE??,Z,s(tb—ta)
(4.50)

This formula is the spectral decomposition of the Green function, within which we extract

the wave functions

(AdS)

s 2215~ 1pl(n s [0} mrTwn, s s
W () = T () \ 2 s [ O () 9,

(AdS)

2(ng+s)—1 n—s)l(n « M—Wn s sTS sTS
F/ar (5, + s) 2O k) frmall B ot () ity (450)

and we can return to the old variables by means of the following relations

u = sin (arctan (v/az)), ¥ = cos (arctan (vaz)) . (4.52)

Where the corresponding spectral energies are

1- 1-
Eﬁﬁfg)i = j:\/m2 + 2mw (n + Ts) +o (n2 + 5 ° (2n + 1)) (4.53)

2

The dependence on n” corresponding to « effect of the modification of the Heisenberg

algebra, due to the EUP, which is a characteristic of the confinement phenomena. With

various the values of « and with spin up (s = 1), we can plot the appropriate curves

of positive and negative energies in Fig. 1. We clearly notice that the energy Er(ﬁff)i is

presented as a function of n for several values of «, the spectrum is expanded, Eﬁfg{f”
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. . . AdS)— . . . .
is an increasing ( E,(W,S) is decreasing ) monotonous function for arbitrary «.

Specral energies
[\

6L N
[ ! . ! . ! . ! . !
0 5 10, 15 20
E Y ——a=00001 a=001 a=01 a=00
E" a=00001 a=00L a=01 a=00
Fig. 9. Eg:cfl) is the energy spectrum versus n for several values of a

Next, we want to check the current density (p,J,) for (14 1) —dimensional Dirac
oscillator in the context of the EUP. Activating the positive use of this method (path
integral formalism) for normalized the wave functions in the context of the extended

uncertainty principle. As we know the current density are defined as

p— / Ay (WA (1)) (A9 (). (4.54)
Iy = /d,\x\flgl(AdS))s () W AdDs (g (4.55)

After straightforward calculation, we can confirm the current density of Dirac oscillator

in (141) dimension in the context of the EUP are given as

p=1, (4.56)
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J, = / Az (TAW)s (1)) 2@ Ad9)s () — 0, (4.57)

Which approves the same results in usual case of the Dirac oscillator in (141) dimension

(v =0).

4.3.3 de Sitter Snyder spaces

In the case of de-Sitter Snyder space, we will follow the same calculation procedures
as presented in the previous section. Which can be constructed by replacing a by (—a)

in Eq. (4.53). The spectral energies E9)*

n,a’ s

are given as :

1— 1-
E,(jg,);t = j:\/m2 + 2mw (n + TS) —ao (712 t— ° (2n + 1)) (4.58)

We note that when the quantum number n is large, the spectral energies would have no

physical meaning. This indicates that one needs to impose an upper bound on the values
s+

of n. From these last expressions of the spectral energies F, /=, we can determine this

limit by using
£(d5)

— y=0, (4.59)
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pas)+

n,a' s

. . . ds)— . . .
is decreasing (while E“) " s an increasing

n,a’,s

where N implies to (% + %) , and

) monotonous function for arbitrary /. These cases are illustrated by the following curve

T
\
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f i
=) 05F |
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& 00r |
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0 5 — " ,
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Fig. 10. Ey(:lfl1 is the energy spectrum versus n for several values of o/

While the corresponding wave functions are given from Eq. (4.51) by substituting

(o — —a’), and which leads to
u = sinh <tanh_1 (Wx)) , ¥ = cosh (tanh_l (@x)) : (4.60)

In the following subsections, we will present the special and important cases to validate

these our calculations.
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Without deformation case

In order to obtain the ordinary case, we put the limit &« — 0, n, = 7 — o0, by using

[142]

. _n_ 2 2 27% : F()\_'_a) —alnX __
)\11—{20)\ 20y <x X) = H,(x), ,\h—{& We =1, (4.61)

the doubling formula

9201 1
['(2z) = NG ['(z)T (m + 5) : (4.62)
and
aﬂ{)i,gﬂﬂoo (1+ oz:172)n = exp (—%xQ) : (4.63)

From the above limits, we can obtain the wave functions and energy spectrum, and they

are given respectively
(a=0)s
n xXr
lim W (1) = W (1) = < | )),

with the following components,

mw/r (ELY L
flo=0s (z) = / (E c ) exp (—%:ﬁ) H, (vVmwz) . (4.64)

on+ 1n!E7(f5:0) 2

Vmw/T (Er(fs:o) - m) Mo
exp <

o @) = - 2(n — s)| B _7902) Hos (Vo) (4.65)
and
1—
B = i\/ m? + 2mw <n + 5). (4.66)

We deduct exactly the same result without deformed uncertainty relation which coincide

with those obtained from the usual Dirac oscillator in (1 + 1) dimensions [128].
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Non -relativistic limit

To obtain the energy level in non relativistic limit case for the one-dimensional Dirac

oscillator in anti-de Sitter spaces system E](\f‘gi), we put E,(:‘oji,f) =m+ E](\?gi) with m >
E](\?gi) and using the Taylor development of (4.53) in the second order approximation,we

find :

[\

m

+%{w(wrl;s)nti(n2+¥(2n+1))r, (4.67)

2m

1-— 1-—
nggﬁww(w ) Lo (n2+—2 5<2n+1>)

with m represents the rest energy of the particle, the second and third terms represent,
respectively, the energy of the non-relativistic oscillator of frequency w and the relativistic
correction both in the context of the extended uncertainty principle.

This implies that the corresponding eigenvalues associated with this energy level in

the non-relativistic limit are given by

AdS 2ns—1pl(n « s
U (0) = T (n,) \/ Egaet bV O ) 07, (4.68)

where we have used the following limits :

(AdS)+ (AdS)+
L maelr L fmewl
lim 4 /= "y &~ 1L 1im [ = s ~ 0. (4.69)

In this contribution, we have constructed the path integral representation for the
Green function for the Dirac oscillator in (141) dimension in the EUP. Which indicates
to presence a nonzero minimal uncertainty in momentum. We obtained the exact spectral
energies and corresponding eigenfunctions expressed in terms of Gegenbauer polynomials.

2 corresponding to a effect of the modification

The energy levels show a dependence on n
of the Heisenberg algebra, due to the EUP, which is a characteristic of the confinement

phenomena as in the case of non-commutative geometry. As a result, for a fixed value of
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n, the energy Eflﬁi) increases monotonically with the increase of the EUP parameter «.

We have also deduced special cases :

1) de-Sitter spaces case by replacing &« — —a/, we note that the corresponding
o)

n,a’ s

energy spectrum would have an unphysical behavior when the quantum number
n is large. This indicates that one needs to impose an upper bound on the values of n
and we can also see that the energy spectrum on the de Sitter space is smaller than the
energy in ordinary quantum mechanics.

2) absence of deformation case by taking the limit (¢ — 0), we obtain the usual
Heisenberg algebra. The same result without deformed uncertainty relation which has
been done by Rekioua et al [128]. A generalization of this work in the presence of an
electromagnetic field that requires a thorough discussion is currently under consideration,
and will be the subject of another study. At the end of this paper, it is worth mentioning
that the results obtained make it possible to detect the effects due to the large scale
curvature of space-time on some physical systems : for example the confinement of quarks
in quantum chromodynamics (QCD) and the description of certain properties of electrons

in graphene. We recall that the dynamics of these two physical examples cited is modeled

by the relativistic Dirac oscillator , as it is known in the literature [134, 137].
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Chapitre 5

(General conclusion

This thesis essentially consists of two main parts :

- In the first part, we have established an exact and explicit solution of some relativistic
problems in the context of deformed algebras via the direct method by solving the
equations.

By using the new type of the extended uncertainty principle associated to the displa-
cement operator method, several applications were presented such as :

The Klein-Gordon particle confined in a one dimensional box, the Klein Gordon
equation in the presence of the linear vector and scalar potentials , the Klein Gordon
in mixed Coulomb-type vector and scalar potentials and the Klein-Gordon and Dirac
oscillators subject to a uniform electric field. In these cases, the exact analytical solutions
are determined and the wave functions and the exact corresponding energy spectrum
are extracted. It is remarkable that this deformation influences the results obtained,
the expressions of energy spectrum vary with all the power of n , which explain the
confinement phenomenon, it is also mentioned that the bound states are limited and
the expressions of energy are not defined for large values of n. Consequently, we need to
impose an upper limit on the allowed values of n. For the two last cases the Klein-Gordon
and Dirac oscillators subject to a uniform electric field, we noticed that the expression of

the energy spectrum contains corrections of all orders of (57)2, which could be interpreted
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like the Stark effect in the extended uncertainty principle deformation framework and
related to the exact contribution to the confinement phenomenon .

In addition, we have treated the three-dimensional Klein-Gordon oscillator and the
Klein-Gordon equation with a Coulomb plus scalar potential in the context of quantum
deformations for the (anti)- de Sitter algebras . The energy eigenvalues and their corres-
ponding eigenfunctions are exactly and analytically obtained . In both problem, we show
that the spectrum energy on anti-de Sitter is bigger than the energy in ordinary case
contrariwise in ds space , the energy spectrum is smaller than the energy in ordinary
case.

-The second part is devoted to the elaboration of the formalism of supersymmetric
path integrals in the context of deformed algebras. The Dirac oscillator in the extended
uncertainty principle is exposed as being a good application. To explicitly evaluate the
propagator associated with the problem, the global Dirac projection operator and the
Schwinger proper-time method are introduced. To determine the appropriate corrections
and avoid any ambiguities, we discretize the measure for any d-point discretization inter-
val. By using appropriate transformations and evaluating some Gaussian integrations,
our system converted to the case of the position-dependent effective mass. To obtain the
ordinary expression for the constant mass case, using a suitable coordinate transformation
and by straightforward calculation the propagator will be converted to the Poschl-Teller
case. Finally, the energy spectrum and the corresponding wave functions are exactly de-
termined and are agree exactly with those in the literature. Also the limiting cases are

considered .
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Abstract In the context of new type of the extended uncertainty principle using the displacement operator
method, we present an exact solution of some problems such as: the Klein—-Gordon particle confined in a one
dimensional box, the scalar particle with linear vector and scalar potentials and the case of inversely linear
vector and scalar potentials of Coulomb-type. The expressions of bound state energies and the associated wave
functions are exactly determined for these three cases.

1 Introduction

During the last years, there has been growing interest in studying the dynamics of quantum particles in the
framework of deformed algebras. We quote some examples, the description of the low energy excitations
of graphene and the Fermi velocity , is based on a deformation of the Heisenberg algebra which makes the
commutator of momenta proportional to the pseudo-spin [1]. The dynamics of systems with variable masses
in semiconductor heterostructures are formulated by deformed quadratic algebra [2], the thermostatistics of
q-deformed bosons and fermions [3], the g-deformed quark fields [4], the motion of a *He impurity atom in the
Bose liquid [5], in the context of quantum gravity, namely if we takes into account the effects of the gravitational
field in order to incorporate gravity into quantum mechanics, the usual Heisenberg uncertainty principle should
be replaced by the so-called generalized uncertainty principle (GUP) [6-12] and it is characterized by the
existence of a minimal length scale in the order of the Planck length. The several research fields in which
the concept of minimal length plays an essential role are, the string theory [13], non-commutative geometries
[14], black hole physics [15] and the quantum gravity [16]. Recently, in this sense, this generalized uncertainty
principle (GUP) has undergone notable development and a significant number papers have been published in
diverse physics area [17-25]

In addition, if we consider the quantum effects due to the topology of the physical space, the modified
uncertainty principle associated called the extended uncertainty principle (EUP) [26-31]. For example in these
research works, Mignemi showed that in a (Anti) de Sitter background the Heisenberg uncertainty principle
modified by introducing corrections proportional to the cosmological constant A = —31%, where A> < 0 for
de Sitter space-time, and A2 > 0 for anti-de Sitter space-time. The introduction of this idea of (EUP) has drawn
great attention and many papers have been appeared in the literature to address the effects of the extended
commutation relations [32—42]
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Furthermore, in the past few years, another new type of EUP with a minimum momentum dispersion [43],
has been introduced by the action of the translation operator in a space with a diagonal metric for the purpose
of describing the motion of a quantum particle in the curved space.

T, (6x) | x >=| x +dx + yxdéx > (D)

where dx is an infinitesimal displacement and the parameter y is the inverse of a characteristic length that
determines the mixing between the displacement and the original position state [44—47]. This translation is
non-additive, can be written as to first order in dx

5
T, (6x) =1 — %Py. )

where P, is a generalized momentum operator. This property changes the commutation relation for position
and momentum as

[2, Py =in(1+yx), 3)

and leads a generalized uncertainty relation
I/
AxAP, > 5 14y ). “)

The generalized momentum operator and the operators of position satisfying Eq. (3) can be represented in
Hermitian form by [44—47]

P, = —ihDy and £ = x, o)
with

d
D, = [(1 +yx)E+%} ©6)

On the other hand, the nonadditive operator corresponds to the infinitesimal generator of the g-exponential
function [48,49]

exp, (1) = [1+ (1 — @) x| ™7 , 7

where x is a dimensionless variable, and y = (1 — ¢). This last Eq. (7) represents a fundamental mathematical
definition for the generalized thermostatistics of Tsallis and its applications [50-55]. For this purpose, some
problems were solved within this framework of the translation operator for a quantum system, for example,
the study of particle under a null potential confined in a square well in [44—47], the solution of the quantum
harmonic oscillator is given by [56,57] where the problem converted to the Morse potential case. A new
Hermitian kinetic energy operator for the description of position-dependent effective mass systems void of
the ordering ambiguity hassle and similar with three different ordering of the Von Roos operator is proposed
by [58]. In [59], Arda used this displacement operator to study the particle moving in an inverse square plus
Coulomb-like potential and it is similar the Rosen-Morse potential in usual position space.

The main purpose of this paper is to solve analytically and exactly the Klein—Gordon equation in the context
of this new type of EUP for some important applications:

— Klein Gordon particle in a box model
— Klein Gordon equation with linear vector and scalar potentials
— Klein Gordon equation with inversely linear vector and scalar potentials of Coulomb-type.

To the best of our knowledge, no relativistic problem has been studied within this framework of the
translation operator. Consequently, our attempt is to approach this new type of EUP for a relativistic problem
and to see the influence of this deformation on the properties of the systems.

The rest of the paper is organized as follows. In Sect. 2, we give the exact solution of Klein—Gordon particle
confined in a one dimensional box. The scalar particle with linear vector and scalar potentials is treated in
Sect. 3. The case of Coulomb-type vector and scalar potentials has been examined in Sect. 4.
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2 The Klein—Gordon Particle in One-Dimensional Box

We consider a Klein—-Gordon (K—G) particle without spin of mass m and charge ¢ confined to the following
one dimensional box:

0, 0<x<L
0o, elsewhere ’

4V () = { ®)

So, in the context of this new type of EUP using the displacement operator method, the stationary Klein—
Gordon equation in the presence of a potential V (x) in one dimensional space is defined by : we put (h
= C = 1)

[(E =gV @)? = PE=m?|¢x)=0. ©)

where P, is given by (5) . Moreover, the continuity equation can be deduced from the modified Klein—-Gordon
equation (9) and its conjugate by this relation

ap
E—I-DVJ,, =0. (10)
with ]
i
= — (VU*5, ¥ — W, v"), 11
P m ( t t ) (11)
and J,, defines the modified current density
J i w* (14 )dq} (1 + )dw (12)
=—— X) — — X ,
v 2m v dx v dx

Now, in order to solve the Eq. (9) in one dimensional box, for 0 < x < L, using the representation (5) and
the following transformation:

u=(1+4+yx), (13)
we obtain:
WA et ¢ ) =0 (14)
U — U— + -+ —— u) =0,
du? du 4 y2

To transform this last differential equation homogeneous to another one with constant coefficients, using the
following change z = Inu, we get as a result :

a]z+d+1+Ez_m2 $(2) =0 (15)
dz2  dz 4 y2 9=

whose the solution in term on the old variable is given by

N 5 5In(l+yx) )
¢(x)_—m51n(\/E m—y +£&). (16)

where A is a normalization constant. Using the boundary conditions ¢ (0) = ¢ (L) = 0, the solution of (14)
will take the following form

B N o [ oI+ yx)
qﬁ(x)—ﬁmn( En m —)/ ) (17)

In(1 L
/E’%_mzn(;y) = nr, (18)
14

with

This gives rise to the quantized energy

2+24,2
Ef= |m24 1 (19)
21+ yL)
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Now if we consider y = 0 absence of deformation, taking y — 0 in (19) we find,

n2m?
E* =+ [m?2+ T (20)

which is the result of the ordinary case [60].
The normalization constant A can be obtained from the normalization condition of the ¥,,, follows from
the modified definition of the scalar product for Klein Gordon equation :

s v A ) ) .
/ﬁ(m) =W (1) )—, @1

and by a direct calculation, we get
2ym
N=|—F"F—. 22
E,In(14+yL) @2)

3 The Klein Gordon Equation with Mixed Scalar and Vector Linear Potentials

The dynamic of Klein—Gordon particle in (1 + 1) dimension in the presence of a scalar potential S(x) and a
vector potential V (x) in the framework of of new type of EUP is governed by this stationary equation :

[ P2+ m+ SG)? = (E = qV ()] ¥ (x) 23)
where the vector and the scalar potential are chosen linear as follows

qV(x) = Vpx
S(x) = Spx. (24)

and we take Sg — VO2 > 0 so as to avoid complex eigenvalues. We replace S(x) and V(x) and using the
representation (5) and (24), the Eq. (23) becomes:

€24 ALE elyw=o (25)
du?>  udu u* u W=

where we have used the same transformation (13) and this notation

VE—S3  2(EVo+mSy) N E>—m* 1

A= 4o
y4 3 Y2 4
. 2083 -V _ 2(EVo +mSp)
y4 y3 '
S - Ve
C=-—%—1, (26)
1

To simplify the Eq. (25), we introduce,

¥ (u) = u’ exp(=Cu)f (u),
utr>y=2Cu, 27

so, the differential equation will reduce to the equation of the associated Laguerre polynomials L’fl ),

2 1 1
[0 HICa 2 =31 4 oo~ 4 20 + A1+ 5 1B =20 200l | F ) =0, (9
dy dy "y 2C
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by imposing the constraint,
o(lc—1)+20+A=0, (29)

to eliminate the coefficient proportional to %, and

1
3¢ [B—2C —2Co] =n,
{ 2o +2=k+1. (30)
The relation (29) leads to the following expressions for o by
11 So — Vi So + Vi
Op = ——+ — <m+E—M><m—E—M) 31
2y Y Y

Among these two solutions, the physically acceptable one is only o. To extract the energy spectrum, we
substitute the expression (31) into the first relation of (30), then it is straightforward to show that

2 2
mV Vo/ S5 — Vs 1 §2—y2 1\?2 2n + 1) msS, 2n+1) 82
gt _M"0 . <n+—>:|:0—2() _y2<n+_>_y( ) ()+( )0’
S0 S5 V82— V¢ N7

2 2
(32)
It is remarkable that the expression of the energy spectrum is a dependent function of the deformation
parameter y, ¥ and with powers in 7, n> which explains the phenomenon of confinement due to the new type
of extended uncertainty principle. Moreover , for large values of 7, the second term is not defined of E*. In
order to ensure the positivity of the square root of energy, one must impose an upper bound on the allowed
values of n.

Solving the Eq. (23) along with (27), (28) and (31), we obtain the final form of the wave function in the

former variable x as
_%%/(mw_wo;ivw)(m_,;_(s%%)) JSZ =V

exp { ————— (1 +yx)
14

Y (x) = Np. (1 +yx)

2 E—0=Y)\(,,— p— (50V0) 2. /(s2 — y2
LJJ(M ) ) —\/( (;2 LT (33)

and N, is a normalization constant.
Now if we consider y = 0 absence of deformation, we replace y = 0 in (32) we find,

3
mV, §2 —y2)4
Et=_ SOO + (S SOO) Jen+1) (34)

which is the result of the ordinary case [61,62].

4 The Klein Gordon Equation with Mixed Scalar and Vector Inversely Linear Potentials

In this case we choose the vector and the scalar potential inversely linear of Coulomb-type as follows

\%
gV () = ——
[ x |
So
S(x) = m, (35)

Using the transformation # = 1 4+ y | x | and the representation (5), for x > 0, the stationary Klein—Gordon
equation in (1 + 1) dimension in the framework of of new type of EUP (23) can be written as :

d? + 2.d ai ar a%
du?  udu  u?  u(l—u) (1 —u)?

} Wu) =0 (36)
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where we replaced S(x) and V (x) by their expressions (35) and this notation,

2(EVy + mSo) (E*?—m? 1
ag="——— (G -V + ———+ -
y 4
2(EVy + mS
o = 2LV M%) "y O o5z -V,

a3=,/S§—V02), So > Vo

(37)

In addition, we note that this Eq. (36) possesses three singular points 0, 1, co. By means of the substitution

W(u) = u?(1 —u)?¢p(u), this equation will reduce to the hypergeometric type

2

d d
[u(l —)o 5 +@p+2) = Qp+2q+2u] - +lar —2pg - 26]]] @) = 0.

where p and ¢ are fixed as follows,

2 2_m?
pz_%iW%_W%_w%mm_w;m
q:

y
1 /1 Sv2 ‘12

and the solution of Eq. (38) can be written as

. L (@) (b uk
o(u) ~ Fy(a,b;c;u) = gwﬁ

with the parameters a, b and c are given by
. E2—m?
a=p + q =+ % — 1 (y—zm)
2 _m?2
b=ptq+y+iyfE

c=1=%£ 2\/(5% — V()z) _ 2(EV0;-mS0) _ (EZV_Zmz)

The mathematical solutions of Eq. (36) in the former variable x as

U(x) =N, (1+yx)PxIFi (a,b;¢c; 1+ yx),

(38)

(39)

(40)

(41)

(42)

where N, is the normalization constant and the boundary condition that (# —> lorx —> 0) leads the wave
function tending to finite, the hypergeometric function reduced to a polynomial with the following restriction

a=—n,

which is the quantization rule of the system and gives us the energy eigenvalues as

%m&r%%ﬂn+qf—(%—4ﬁﬂ

Ve +(n+q)>
il{w;pwm%+y2«n+qﬁ+wwﬁ—%»f
2 [VZ+(n+ )]

Ef =-

L Am [+ @) = S5] = dymSo [(n +9)° = (S5 = VO] — v [ +9)° = (S5 — vl

VZ+ (n+q)?

(43)

1

}2

(44)

Also for this case, for large values of n, the second term is not defined . In order to ensure the positivity of the

square root of energy, one must impose an upper bound on the allowed values of n.
Now in our analysis, it is interesting to study two particular cases
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First; if y = 0 absence of deformation, we replace y = 0 in (44) we find,

—mVoS, 252
Bt = i mVpSo xm (n2+fI) 02 45)
Vo +(n+q) Vo + (n+q)

Second, if y = 0and Sy = 0, taking (y — 0) and Sp = 0,the expression of energy spectrum (44) become

Ef=x T (46)
4
t ora?

which coincides exactly with those of the literatures [63].
At the end of this section, we mention that in the region x < 0, we get the same form of the solution (42)
if we make the change of the variables y = —x.

5 Conclusion

In this contribution, we have established an exact and explicit solution of some problems in the context of new
type of the extended uncertainty principle using the displacement operator method such as: The Klein—Gordon
particle confined in a one dimensional box, the scalar particle with linear vector and scalar potentials and
the case of Coulomb-type vector and scalar potentials. In these three cases, the exact analytical solution is
determined, the wave functions and the exact energy spectrum are obtained depending on the deformation
parameter . On the other hand, the expressions of energy spectrum vary with all the power of n , which
explain the confinement phenomenon. Also, it is mentioned that for the last two cases, bound states are limited,
the expressions of energy are not defined for large values of n, one must impose an upper bound on the allowed
values of n. Finally the limiting cases are presented.
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Abstract The Green function for Dirac oscillator in (1+ 1) dimension in the context of the extended uncertainty
principle (EUP) is calculated exactly via the path integral formalism. The spectrum energy is determined, the
corresponding wave functions suitably normalized are derived and they are expressed by the Gegenbauer’s
polynomials. Special cases are considered.

1 Introduction

It is well known that the spin is a fundamental physical quantity in quantum physics and plays a significant role
in various areas of physics, in particular, in the explanation of the mesoscopic phenomena. In the relativistic
case, the exact analytical solutions of physical models much required, enables us to explore at the same
time relativistic and spin effects, and the relativistic principles require that space-time must be described
in the unified manner. Indeed, Feynman’s path integral formulation for systems with spin has not yet been
definitively achieved due to the discrete nature of the spin and the requirements of relativistic invariance. In
fact, path integral uses classical and continuous concepts such as trajectories whereas the spin is irreducibly
of a discrete nature, without classical equivalent, and to satisfy the relativistic invariance requirements on the
other hand. To overcome this difficulty within this framework, some models were presented for this purpose.
For example, the Feynman attempt for the free Dirac electron using the Poisson stochastic process [1], the
Schulman description of the spin of a nonrelativistic particle by the top model using the three Euler angles [2],
and its extension to the relativistic case [3], the Barut—Zanghi theory for the classical spinning electron related
to zitterbewegung [4], the bosonic and fermionic Schwinger model in the related coherent state space [5—7] and
the supersymmetric model using the Grassmann variables for the spin evolution with many developments [8—
11].

Recently, the applicability of this Feynman formulation for the spin system has undergone notable devel-
opment in various domains of physics with different topologies modeled by deformed algebras. For example,
effects of the gravitational field in quantum mechanics in presence of the generalized uncertainty principle
(GUP) [12-14], and on the noncommutative geometry in quantum system [15,16]. Consequently, in this
regard, a significant number of papers have been published. Citing for instance, within the GUP framework the
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spinning particle subjected to the action of combined vector and scalar potentials [17, 18] and the Dirac oscilla-
tor [19,20]. In noncommutative space, the Klein—-Gordon and Dirac oscillators [21], and the harmonic oscillator
related to energy-dependent potential [22]. And others important similar references using path approach as,
the Klein—Gordon equation with the energy dependent linear and Coulomb potentials is treated in [23] and
the harmonic oscillator and the radial hydrogen atom propagators related to energy-dependent potentials are
analyzed [24].

Furthermore, there another type of deformation due to the topology of the physical space called the
extended uncertainty principle (EUP) [25-30]. As an example in the (anti)-de sitter background, the Heisenberg
uncertainty principle is modified by introducing corrections proportional to the cosmological constant A =
—3A2, where A2 < 0 indicates de-Sitter space-time, and 1> > 0 for the anti-de Sitter space-time. This latter
is invariant with special relativity (SR).

Our attempt through this work is to set up a path integral formulation to establish the Green function for
the Dirac oscillator problem in the context of this EUP. At the same time, it is important to remember that the
Dirac oscillator was introduced for the first times by [31,32]. It was the subject of many developments and
received considerable study in various areas of physics. For example, it appears in quantum optics [33], in
nuclear physics [34], in noncommutative geometry [35] and in graphene physics [36]. Itis used as the confining
part of the phenomenological Cornell potential and an intergroup potential in quantum chromodynamics.

2 Quantum Mechanics on (Anti)-de Sitter Background

The EUP can be obtained from the definition of quantum mechanics on (anti)-de sitter space-time. It is
well known that (anti)-de Sitter space-time can be realized as a hyperboloid of equation 7,,¢%¢? = +R>
embedded in five-dimensional Minkowski space, with coordinates {“(a = 0, 1, 2, 3, 4) and corresponding
metric is 14y = diag (1, —1, —1, —1, £1) . That will be reduced to ordinary special relativity when R — oo
[371,

ds?® = napdt®dc’ = By, (x) dxtdx’; w,v=0,1,2,3, (1)

where the parametrization of the hyperboloid is given by projective (Beltrami) coordinates [38],

0,7 J7Y)
xﬂz%’ B“”(ﬂ:(l—%) (nuu_xR)zc ) 2

B™Y (x) is Beltrami metric, it is similar to the Minkowski one in flat space-time and the Beltrami de sitter (34 S)
space-time is the dS space-time with Beltrami metric. The generators of de-Sitter in Beltrami coordinates and
the momentum operators satisfy the following commutation relations [25,39,40], (throughout this paper we
adopt the natural units z = ¢ = 1)

|:j/w’ j(rp] =i (nvpjua - nuajup + n;urjvp - 7];1,ij0) s (3)
N . . o i
[J;w’ pp] =i (Mo Pv = NopPp) s [P Pv] = R “)
A . Xy A s
[xﬂ, pv] =i\n, + 7 ) [x,l,xv] =0 and u,v=0,1,2,3, (®))

where J,,,, are the generators of Lorentz transformations given as J,,, = %, py — %y .
For the anti-de-Sitter space and in the case of the one-dimensional space, the modified commutation
relations leading to the extended commutation relations is given as [41],

[5(, ﬁ] —i (1 +af(2), (6)

where « is a positive deformation parameter proportional to the cosmological constant, or inversely proportional
to the square of the anti-de Sitter radius (@ = H?: H? is the Hubble rate). Which lead to the following EUP:

(AX) (AP) > = (1 +a (AX)?), (7)

| =
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which indicates the emergence of a nonzero minimal uncertainty in momentum. The minimization of (7) with
respect to AX gives
Ja

(AP)pin = - (8)

with « is positive.
According to (6), the X and P operators in this representation can be realized by operators x and p, as

follows: R
X=3x
. o 9
{P=(1+ax2)p ©)
with £ and p satisfy the usual Heisenberg canonical commutation relation: [X, p] = i. We note that the

momentum operator P is not symmetric in all Hilbert space L? (R, dx) . For this, we need to change this space

dx
I+ax?
in position space basis {|x)} as

into subspace L? (R, dyx = ) . This makes the modified scalar product of two functions ¥ (x) and ¢ (x)

(pl¢) = /(ﬂ* () ¥ (x) dax. (10)
From this modification, we can construct the closure relation as follows
—+00
fdax ) el = 1, (an
—0o0

and the corresponding projection relation is

(x]x") = (l+oex2)8(x—x’), (12)
otherwise
+00
/ dp p /
(x| x") = 2 P T (arctan /ox — arctan v/ax') | . (13)
T o
—00
Then we use the simplified form
+00 J
<x P x/> =— pz_p exp [% (arctan /orx — arctan \/Ex’)i| . (14)
T o
—00

Assuming no deformation for the time component, we have
+00
(xol x0) = 8 (xo — xp) , / dxo |x0) (xo| = 1. (15)
—00

Moreover, for the de-Sitter space, it can be constructed by replacing « —> (—a’) where o’ is a positive
parameter, we have

(AX) (AP) > % (1-o (AX)Z). (16)

This latter leads to no minimum momentum uncertainty, as we write

_@p 1/, 2 _@ap 1 >
S (AP < (AX) < == e+ (AP) (17)

Then Eq. (17) it becomes bounded —\/%7 < (AX) < \/L‘? in the limit (A P;) — 0. While the representations
of X and P can be thought of as,
N A ]
x H(1-a'?) (18)

In the following section, we concentrate on the explicit calculation of the Green function for relativistic Dirac
oscillators in the context of the EUP, by using the path integral formalism.
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3 Derivation of Path Integral for the 1D-Dirac Oscillator

As it is known, the Dirac oscillator propagator in (1 + 1) dimensions is the causal Green function S © (xp, X2)
of the Dirac oscillator equation, which is defined as

(7" B — m) SAIS) (f, ) = = (1 + @) 6 (v — %) 6 (1 — 1), (19)
where the components of T u are expressed as
ﬁo = ﬁo, ﬁl = ﬁ — zma)yof(. (20)

Here the operators ()A( , 13) satisfy the commutation relations of the EUP, which is defined in the relation
(6). While y,, are the Dirac matrices verify the commutation relation {y*, yV} = 2n*", with the metric
"’ = diag(1, —1) and p, v = 0, 1. These Dirac matrices can be chosen in terms of Pauli matrices o’ as
follows:

yl =io! and y0=03. 21

The corresponding solution of Eq.(19) is defined as the inverse of the Dirac operator O,

[o‘i]_l xa> — —<Xb

Oi are defined as y* 1 w £m and Oi represents to the global Dirac projection operator. Now, following [42],
the global representation for the causal Green function is obtained by inserting the completeness relation for

—1
SALS) (4, ) = — <xb ol [O‘i Oi]

xa> . (22)

the space-time states given by Eqs. (11) and (15) between the operators Oi and [O‘i Oi]_l, we get
A @y, x0) = (v f1+m) GAT (i, x,) (23)
Here G495 (x, x,) is the global Green function defined as

—1
G(AdS) (Xp, Xq) = — <Xb I:O(iOijI

xa> ; (24)

and introducing the Schwinger proper-time method, the Green function G'¢) (x};, x}') becomes

+00
GAS) (' xt) =1 f d (x}} lexp (AH)| xL). (25)
0
‘H is the Hamiltonian of the system in question whose quadratic form, and will reduce to
H=0101 = B} = P2 = m?e*X* = m? + moy" (14 X?). (26)

which is associated the case of anti-de Sitter space and their corresponding representation (9). Then by taking
into account the properties of the following exponential matrix, will simplify to:

exp [zkmwyo (1 + a)p)] = cos (Amu) (1 + a}?z» +1y%sin (Ama) (1 + af(z)) , 27
or in another form
exp [z)»ma)yo (1 + a)A(2>] = Z )(x)(;f exp [zksma) (1 + a)A(Z)] , (28)
s==£1

where X: = % ( 1+s,1— S) . Substituting (28) into (25), the global Green function can write as follow

G (gt x) = 2 s G (g %) >
s==%1
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G5 (x;, x}') is the new global representation defined by:

400
GUAIS) (xlt xit) = / i (xf Jexp (x| 5t (30)
0
and
HE :—[ﬁg—fﬂ—mz—(mw)z??z%-smw (14—0122)]- G

At this level, to derive a path integral representation for G(A?5) (x. x4 ), we follow the standard discretization
method, we write exp (—MH(X)) by [exp (—zAH(x)/ (N + 1))]N—H , and we insert N times the identities of
Egs.(11) and (15) between each pair of operators exp (—zeAH(”) infinitesimal with ¢ = 1/ (N + 1) . Then,
taking at the end, the limit N — oo, the expression of G(445) (x, . x4 ) becomes as,

o0
N N+1
G(AdS) (xl’j,xjf) = —1 lim dr ] [/ daxjdxoj:| I1 (x],x01| [1 —1eMHY + 0 ( )] \xj 1X0/— 1)

(32)
where xg = X4, X00 = X0a, XN+1 = Xp and xon+1 = Xop. Using the relations (9) and (14) into (32), and
introducing the integral representation follow:

dpo

(xj, x0; |xj—1’x01—1):[ a
21

we will get the following expression

exp(zpoijoj /—exp( MC{+W> (33)

o8]
N NHIT [ dp: dpos
GUAS) (x x) = —1 Tim | dA]] [fdaxjdxoj} T [ ﬁﬂ}
j=1 ‘

N—o0 j=1 2w 2w

X exp {127;11 [pj —Aamta;gﬁxj) + poj Axoj + A (p(z)j

—pf — (ma))2 sz- —m? + smow <1 + axjg))]} . (34)

The Gaussian integration on the p;, xo; and po; variables is immediate, we obtain

GUAdS) (xlf, x) = —1 lim /dk/ dpo ¢! PO(0b—%0a) ll_v[ dox; Nﬁl !
b N—o0 j=1 DS amie

X exp {127;11 [% + e (p — (mw)? x —m?* + smw (1 +axj2->>:|} . (35)

It is remarkable that our system converted to the case of the position-dependent effective mass. Now, in
order to make this expression to the ordinary form of the Feynman path integral with constant mass, we will
use the following coordinate transformation method,

y=f(x), yo=xo. (36)

This new y—variable changes in the interval ]— [ according to variables of x in the interval

NN

]—o00, +o0o[ . In order to determine all quantum fluctuations, we perform the corrections associated with
measure and action terms: (dx i/ + asz.)) and ((A arctan (ﬁ X j))z /4Aea) to get the conventional form

of Feynman path integral. To determine the appropriate corrections and avoid any ambiguities, we discretize
the measure and choose for any §-point discretization interval (x;‘s) = 6x; + (1 —6) x; 1) according to the
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technique used in [19]. So after straightforward calculations, we obtain the total quantum correction with two
approaches, Kleinert method [43] and standard method [44]

2.2

Y (1 + tan®(Vay)) 8§ 26 — 1), (37)

T _ .
CKleinert =2igh

and
2.2

Y11 = 85 + 88%) tan’(Vay)] . (38)
In order to obtain the exact results we should give the two values of §, when using Kleinert method [43] we
will find § = 0, 1/2, and when using a standard method [44] we get § = % (1 +1/ ﬁ) . These points are the
same obtained in one dimension case with generalized uncertainty principle [19]. Under these considerations

T .
CKhand = 2iel

we will simplify C7 to zero, and the amplitude G495 (y/*, y/') becomes as follows:
i d
apo _
g(AdS) yli’ ¥ /d)» e Poob— y()a) é' 1A pd—m*+smo)
o ot = -1 [ anf] [ emononf]
x KED (v 3t - (39)

Here KPT) (y,', yi') is identical the propagator to the standard problem of the Poschl-Teller potential defined
by

2
. N+1 Ay m2(1)2
= Jj=

(40)
While in the case of de-Sitter space we replace o by (—a’ ), and it is given the standard problem of the modified
Poschl-Teller potential.

4 Calculation of the Propagator

The path integral of y (t j) in Eq. (40) (i.e., anti-de Sitter space) is exactly the propagator associated with the
Poschl-Teller potential. Which is solved exactly in Refs. [44,45], and equals

o
GATS (v, vit) = =1 lim / dn / iﬂei” 0008 =300) t[P§—m* +sma]

N—oo v
0
> (PT) *
x {Ze—’“f"-s U () (WED) (ya)} : (41)
n=0

with E ,(f;T) is the energy spectrum associated to the Poschl-Teller potential, which is defined as
ERD = a (n® + Qn+ D), (42)

and w,(,l; ) (y) are corresponding the wave functions and given by

22n5—1y) R X
vihD <y>=r<ns>\/ nF” (,i'fzz ;*F(cos (Vay))™ € (sin (Vay)) (43)

where

St (44)

ns is parameter determined according the condition of the extended uncertainty principle and the characteristic
length of oscillator, retaining the solution associated with ** > 1, the values n = =, n_ = 1 + %2 are
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accepted. While the other negatives values are rejected. Substituting (41) into (29), the propagator becomes
as:

(PT
G(AdS) —l/dk/ dpo £1P0(Y0b—Y0a) Z Z s XT z)»[po m2+smw—Ep. )]

n s==l

227]»;—1 ! s ; .
x [<r oy I (cos ()" € (sin ()

x (cos (\/Eya))m C)s (sin (vVayq))]- (45)

An integration over A to give this expression

220~ 1yt (n + ny) dpg e'Po00b—Y0a)
G (v vi) = =120 2 T ) 2 / xoxd
PR ' (n + 2ny) 2n po Ens

« [{cos (V)™ € (sin (V) (cos (V)™ €3 (sin (Vara))]. o
with
Ens (po) = m? — smw + E,(l{;T). 47)

The above Eq. (46) lacks the integration over energy pg. This can be converted to a complex integration along
the special contour C, and then using the residue theorem, we have:

dpo 2P0 (Yob—Y0a —iE(tp—ta) —iE -
R ( E E) i Ex (yob—Y0a)
ﬁzm—po_g f (po) = E es\pr—g,, f(E).
MG
=2 2ea PEs 0302 (€ (yop — Y0a)) + (48)
e==1

where € = %1 and O (x) is the Heaviside function. This gives the following poles:

E’(fz = ewfl‘i,ds) = :I:\/m2 —smw + o (n? + 2n + 1) ). (49)

Using the residue theorem on global Green function expression defined in Eq. (46). The integrations over pg
are carried, and becomes as

GUAIS) (yi 1) = — Z Z Z(F (m))22 Inl (n 4 ny) Vo

e=+1s=+1 n T (n +2n)

el ew,(,Asd o (Yob—Y0a) .
g { 2604 © (€ (Yoo — Y0a)) x5 X3 (cos (Vayp))™ € (sin (Verys))

x [(cos (\/&ya))ns C)s (sin (vVaya))] - (50)

Furthermore, we can get the global Green function G5 (y;', y/') in de-Sitter Snyder case, just by changing
o by (—a) with retaining the term of 7.

5 Spectral Energies and Spinorial Wave Functions

To obtain the exact solutions for the wave functions and spectral energies for the system governed by the Dirac
equation, it must bring the corresponding spectral decomposition of Dirac oscillator in (1 4 1) dimension in
the context of the EUP by the act operator (yVI1, + m); on Eq.(50). This will be simplified as
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a a
§(Ads) (Xp, Xxq) = —1 |:103F +o! (— + 03@ tan (ﬁyb)) +mi|
0b

dyp Ja
. (AdS)
22ns*1n!(n_{_m)\/&e*mwn,s (¥0»=Y0a) )
X r 2 €] - !
S;an{( ) o 7o TS (s (Yob — Y0a)) Xs X

x [(eos (V)™ € (sin (Varys)) (cos (Vaya))™ € (sin (Varya))]}
2 22570l (n 4 ) e+isons” (o —=y00)
' (n + 2ny) 2w’(1fxsds>

x [(cos (Vayy))™ G (sin (Vays)) (cos (Vaya))™ o (sin (Verya)) ]} - (51)

+ {— (T (1)) O (=5 ((Yob — Y0a))) Xs X

With some known relationships in algebra matrices for Dirac, we have

0 xs = 5Xs, 0 xs = x—s and o?yxs = isx_s, (52)

and with helping of Gegenbauer’s polynomials properties [46],

Ll ) =2nCM ),
nClu) = 20 +n — HuCl_ | ) —2n(1 —u®C') W), (53)
@n+m Gl =20 [ @) —uClE] @]

we can write the Green function through a straightforward calculation, as follows:

2ns—1
S 3 = = 3 T oyt T BN (cos (am))” (cos (vaya))”

s—t1 n al' (n + 2n;y)

. (AdS
e—lsw;(q,; ’ (vob—y0a)
X

Zw(AdS) ® (S (YOb - )’Oa)) [(w,gf_;g) + m) C:Z5 (Sb) C;ZS (Ea) XSX:
n,s

1—s

+a [—( . )(H%)tan(ﬁyb)czzs (&) + 21; cos (Vay,) €3 (sb)} cr @a)xsx:]}

. (AdS
{ e+lsw£l.s )(yob_yOcl)

d Ay s 1
s (=5 0w = 300) [(—os® +m) € @) € ) 2o

1-— ¥
+a [— ( . S) (1 =2) tan (Vays) € (6) + 205 cos (Vays) 1! (sb)} Ci (€ x_sx;]} :
(54)

Now, to obtain the spectral energies and corresponding eigenfunctions, we must unify the expression of energy

E,(fg Which leads us to make the following changes on the second term in the Green function, which are
multiplied by © (—s (yob — y0a))

/
s —> 5 = —s,

/
n—n=n-—s,

Ny = Ny =1Ns + 5. (55)
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After these changes, we can write

2205l (n + ny) &
(AdS) - _ : -
SALS (. x,) = lgi:l ; T ) — e 200

 eos (Van))"” (eos (Vase))" <A 6 5 3, — )
< [(w9 +m) P @) €l ) xoxd

Va [_ (1 - S) (1+ ™) tan (Vaws) € &)

12 (
—{[(= +m) €I @) CIt €0 x-ss

L Ve [_ <1 42”> (14 ™2 tan (Vaws) €4 @)

+2 (1 *2” + @> cos (vayy) CH ot @b)} I &) xsx! } (56)

- )cos (Veryp) Cgﬁil (Eb)] Cls (&) x- va}

From above expression, we can rewrite the causal Green’s function as follows:

SIS (i xa) = =1 Y D7 exp (<150 (op = 300) ) © 5 (0 = you)
s=%£1 n

22]7\ ! ! S + nS s
» {r (1) i@ [T o ) 0

22015 +9)~1 (n—s5) -+ i ot o+
+i4/al (s —l—s)\/ ﬂr((’:’JrzS’;S(jx)n.)«/& m2 c(uAdS) s )1977 s

2215~ ni(nn +og! s
» [r (| B gnas@ [t o 1) 074

22015 +9)—1 (3 _ o)1 X LAsd o+
+l~/5F(ns+S)\/ Tt [P G o 9Pl |67

In Eq. (57) we have two types of propagation, one with positive energy (—l—EA”’i ) propagating to the future and

the other with negative energy (— EA””) propagating to the past. Consequently, we obtain this result in the
former variable,

(o) + (a)+ lEA il (th—t2)
®(tb_t “Ij (x)\If (_x)e n,a,s +
S(Ol) (Xp, Xq, tp — E E a) " 58)
’ s=+1 n O (= (tp — 1a)) \Ij(a) (xp) \If(a) (x4 )e Eﬁoﬁs([b —lq)

This formula is the spectral decomposition of the Green function, within which we extract the wave functions

227].¢—I \(n+ s —+ n,s
WAISS (1) = T (1) ﬂrrzn(j_zg;))\/& /mz f:’AdS) Cl (up) 9, xs

22(”‘Y+';)_1 —s)! s }<1Axd s+ st
+ /el (s + s)\/ n[‘((nn-i-zvrzx(-&rf:;n L% m2 L(UAdS) Cr?;ss (up) 192,7‘ YX—& (59

and we can return to the old variables by means of the following relations

u = sin (arctan (vax)), © = cos (arctan (Vox)) . (60)
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Specral energies
o
T

4 - i
-6 4
0 5 10 15 20
n
E® @ =0.0001 0 =0.01 a=0.1 2 =0.0
E,° .=0.0001 =001 o=0.1 o =0.0

Fig.1 E ,(fvdzsl) is the energy spectrum versus n for several values of «

Where the corresponding spectral energies are

1 - 1—
EA9E = :I:\/m2 + 2mo (n + TS> +a <n2 + Ts (2n + 1))- Gy

The dependence on n? corresponding to « effect of the modification of the Heisenberg algebra, due to the

EUP, which is a characteristic of the confinement phenomena. With various the values of « and with spin up
(s = 1), we can plot the appropriate curves of positive and negative energies in Fig. 1. We clearly notice that

the energy E ,2{‘;{?* is presented as a function of n for several values of «, the spectrum is expanded, E ,(,éij

. . . AdS)— . . . .
is an increasing (E,(w, S) is decreasing) monotonous function for arbitrary «.

Next, we want to check the current density (p, Jy) for (14 1)-dimensional Dirac oscillator in the context of
the EUP. Activating the positive use of this method (path integral formalism) for normalized the wave functions
in the context of the extended uncertainty principle. As we know the current density are defined as

p= / dyx (WEATSS (x)) T (A (i) | (62)
Jy = / dy x WALSDS (1) o L (AdS)s (1) (63)

After straightforward calculation, we can confirm the current density of Dirac oscillator in (1 4+ 1) dimension
in the context of the EUP are given as

o =1, (64)
Je = / dyx (WALDS (x))Ta 2@ (AdS)s () = 0, (65)

Which approves the same results in usual case of the Dirac oscillator in (1 4+ 1) dimension (¢ = 0).

6 de Sitter Snyder Spaces

In the case of de-Sitter Snyder space, we will follow the same calculation procedures as presented in the
previous section. Which can be constructed by replacing « by (—a’ ) in Eq. (61). The spectral energies E,(ldlf,)iE
are given as:

l—s l—s
Elgdj,)f = i\/m2 + 2mw (n + T) —a' (n2 + > (2n + 1))- (66)
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Spectral energies

@
E"<+)
EI’|

o' =0.0001
o' =0.0001

o' =0.01 o' =0.0
o' =0.01 o' =0.0

Fig. 2 E,(ldf:)] is the energy spectrum versus n for several values of o’

We note that when the quantum number 7 is large, the spectral energies would have no physical meaning.
This indicates that one needs to impose an upper bound on the values of n. From these last expressions of the

spectral energies Elido‘j,) f, we can determine this limit by using
d$)
n,a’,s
IS =0, 67
n Iv (67)

where N implies to ('Z—‘,‘) + %), and E;d(f,)j is decreasing (while Er(lflj,)’s_ is an increasing) monotonous
function for arbitrary «’. These cases are illustrated by the following curve (Fig.2)
While the corresponding wave functions are given from Eq.(59) by substituting (¢ — —a’), and which

leads to
u = sinh (tanh_] (@x)) , ¥ = cosh <tanh_l (Wx)) . (68)

In the following subsections, we will present the special and important cases to validate these our calculations.

6.1 Without Deformation Case

In order to obtain the ordinary case, we put the limit « — 0, ny = n — 00, by using [46]

. A 2 273 I'(x
lim A72C7 [x/= | = =—H,(x), lim ﬂe—“m =1, (69)
A—00 A n! r—oo  I'(X)
the doubling formula
I'2x) 22x_lF( )7 + ! (70)
X) = X x+ =1,
JT 2
and
n maw
li 1 2) = ——x?). 1
oz—)Ol,l;yn—>oo( o ) exp( 2 * ) 7D

From the above limits, we can obtain the wave functions and energy spectrum, and they are given respectively

(=0)s

X
lim q’,(,a)s (x) — lIl}gOl=0)S (x) — ( ’Eazo)x ( )>’
a—>0 8n (x)
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with the following components,

Jmow/mw (E,ﬁ‘f‘f(” + m)

2+ B0

fn(a:O)s (x) = exp <——x2> H, («/ma)x) . (72)

Jmo/w (E,(fls:()) - m)

_ mw
g,(f‘_o)s (x) = — @0 ©XP (——xz) H,_ («/ma)x) , (73)
21(n — ) Eys 2
and
1 —
E,(f(f/)fo’s = i\/m2 +2mw (n + 5 s). (74)

We deduct exactly the same result without deformed uncertainty relation which coincide with those obtained
from the usual Dirac oscillator in (1 + 1) dimensions [11].

6.2 Non-relativistic Limit

To obtain the energy level in non relativistic limit case for the one-dimensional Dirac oscillator in anti-de Sitter

spaces system EI(VAg “j,), we put E,(,f‘a‘{f) =m+ EI(\,AI? i) with m > EI(\,AI? i) and using the Taylor development of

(61) in the second order approximation, we find:
EWIDT ~ n+1_s + 2 n2+1:(2n+1)
NR.s 2 2m 2

L |
+2wn+2 +2mn+2(n+) ,

with m represents the rest energy of the particle, the second and third terms represent, respectively, the energy
of the non-relativistic oscillator of frequency w and the relativistic correction both in the context of the extended
uncertainty principle.

This implies that the corresponding eigenvalues associated with this energy level in the non-relativistic

limit are given by
AdS 2215 =1y s , s
WU (1) = T () || ot S Ol () 9 s, (76)

where we have used the following limits:

(AdS)+ (AdS)+
. 4w, . m—wy ¢
lim [ "2 | fim [T~ Q) (77)
m> ZwS,ﬁdSH ’ m> 2w,(,ﬂ45ds)+

7 Conclusion

In this paper, we have constructed the path integral representation for the Green function for the Dirac oscillator
in (1 + 1) dimension in the EUP. Which indicates to presence a nonzero minimal uncertainty in momentum.
We obtained the exact spectral energies and corresponding eigenfunctions expressed in terms of Gegenbauer
polynomials. The energy levels show a dependence on n? corresponding to « effect of the modification of the

Heisenberg algebra, due to the EUP, which is a characteristic of the confinement phenomena as in the case
(AdS)

of non-commutative geometry. As a result, for a fixed value of n, the energy E,, '

with the increase of the EUP parameter «.
We have also deduced special cases:

increases monotonically
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(1)

2

. . / . s)
de-Sitter spaces case by replacing « —> —«’, we note that the corresponding energy spectrum E s

would have an unphysical behavior when the quantum number 7 is large. This indicates that one needs to
impose an upper bound on the values of n and we can also see that the energy spectrum on the de Sitter
space is smaller than the energy in ordinary quantum mechanics.

Absence of deformation case by taking the limit (0« —> 0), we obtain the usual Heisenberg algebra. The
same result without deformed uncertainty relation which has been done by Rekioua and Boujdedaa [11]. A
generalization of this work in the presence of an electromagnetic field that requires a thorough discussion
is currently under consideration, and will be the subject of another study. At the end of this paper, it is
worth mentioning that the results obtained make it possible to detect the effects due to the large scale
curvature of spacetime on some physical systems: for example the confinement of quarks in quantum
chromodynamics (QCD) and the description of certain properties of electrons in graphene. We recall that
the dynamics of these two physical examples cited is modeled by the relativistic Dirac oscillator, as it is
known in the literature [36,47].
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1. Introduction

The dynamics of some physical systems are modeled by deformed algebras. For
example, the description of the low energy excitations of graphene and the Fermi
velocity are based on a deformation of the Heisenberg algebra which makes the com-
mutator of momenta proportional to the pseudo-spin.! The dynamics of systems
with variable masses in semiconductor heterostructures are formulated by deformed
quadratic algebra? and a deformed Heisenberg algebra for the motion of a *He
impurity atom in the Bose liquid is suggested in Ref. 3. In the context of quan-
tum gravity, the usual Heisenberg uncertainty principle can be replaced by the
so-called generalized uncertainty principle (GUP)* 19 and it is characterized by
the existence of a minimal length scale in the order of the Planck length. Several
research fields in which the concept of minimal length plays an essential role are,
the string theory,'' noncommutative geometries,'? black hole physics'® and quan-
tum gravity.!* Recently, in this sense, this GUP has undergone notable develop-
ment based on some physical observations and a significant number of papers have
been published in diverse physics area, citing for instance: the modification of the
black hole thermodynamics,'516 the corrections to the Unruh effect and related
Unruh temperature,!” beyond the linear dispersion relations of graphene,'® the
energy-dependent potentials,'® correction of nonthermal radiation spectrum in the
background of noncommutative geometry,2? an explicit construction for Gazeau—
Klauder coherent states for a non-Hermitian system on a noncommutative,?' the
generalized time-dependent g-deformed coherent states for a noncommutative har-
monic oscillator,2? entangled states in a noncommutative space with the squeezed
states,?3 ¢-deformed nonlinear coherent states and nonclassical behaviors of ¢-
deformed version of the Schrodinger cat states in noncommutative space??
an experimental realization of effects of noncommutative theories.?> In addition,
if we consider the quantum effects due to the topology of the physical space, the
specific type of the modified uncertainty principle is called the extended uncer-
tainty principle (EUP)2631 and it is characterized by the existence of a nonzero
minimal uncertainty in momentum. As an example, Mignemi showed that in a
(anti-)de Sitter background, the Heisenberg uncertainty principle is modified by
introducing corrections proportional to the cosmological constant A = —3A2, where
A2 < 0 for de Sitter space-time, and A?> > 0 for the anti-de Sitter space-time.
The introduction of this idea of (EUP) has drawn great interest and many papers
have appeared in the literature to address the effects of the extended commuta-
tion relations, the thermodynamic properties of the Schwarzschild black hole and
Unruh effect by using the simplest form of the EUP are investigated in Ref. 32,
the corrections to Hawking temperature and Bekenstein entropy of a black hole for
Rindler and cosmological horizons,?? the analytical solution of the pseudoharmonic
potential for Ny and CO diatomic molecules is determined and it is claimed that
the energy corrections coming from the deformation parameter are unlikely to
be detectable experimentally,3? the thermodynamic properties of the relativistic

and

1950218-2



Int. J. Mod. Phys. A 2019.34. Downloaded from www.worldscientific.com

by UNIVERSITY OF CALIFORNIA @ SANTA BARBARA on 12/14/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Relativistic oscillators in new type of the extended uncertainty principle

harmonic oscillators are investigated3* signals of the weak and strong deflection
gravitational lensings are studied,3® the quantum gravity effects in the vicinity of a
black hole,?® the Ramsauer—Townsend effect in g-deformed quantum mechanics®”
and the Klein-Gordon oscillator in an uniform magnetic field.?®

Furthermore, in the past few years, another new type of EUP with a minimum
momentum dispersion has been introduced by the action of the translation operator
in a space with a diagonal metric for the purpose of describing the motion of a
quantum particle in curved space.3? 4346-51 One has

Ty (0x)|z) = |z + d0x + \adzx) , (1)

where dz is an infinitesimal displacement and the parameter A is the inverse of a
characteristic length that determines the mixing between the displacement and the
original position state. This translation is nonadditive and it can be written up to
the first order in dz as
i0x
T)\((S{E) =1- ?P)\ 5 (2)

where P, is a generalized momentum operator. This property changes the commu-
tation relation for position and momentum as

[Z, Pa] = k(1 + Az), (3)
and yields a generalized uncertainty relation
AzAPy > g(l + Azx)). (4)

The generalized momentum operator and the position operators satisfying Eq. (3)

can be represented by40 42
d
Py =—ih(l+ \x)— and ==, (5)
dx
and in Hermitian form by43
Py, =—ihD, and &=cz. (6)
Here,
d A
D, = [(1 + )\x)% + 5} . (7)

On the other hand, the nonadditive operator corresponds to the infinitesimal gen-
erator of the g-exponential function®445

exp, () = [1+ (1 — q)z] ™7 , 8)

where z is a dimensionless variable and A = (1 — ¢). Equation (8) represents a fun-
damental mathematical definition for the generalized thermostatistics of Tsallis and
its applications.2651 For this purpose to see what kind of physical importance the
translation operator bears within this framework, some problems were solved for a
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quantum system. For example, the study of a particle under a null potential con-
fined in a square well,2043 the solution of the quantum harmonic oscillator where
the problem is converted to the Morse potential case, 212 the position-dependent
mass system with a variable potential®® and, Arda used this displacement opera-
tor to study the particle moving in an inverse square plus Coulomb-like potential
which is similar to the Rosen—Morse potential in usual position space,®* a deformed
Bohmian formalism by means of a deformed Fisher information functional and a
derivation a deformed Cramer—Rao bound in Ref. 55, a displaced anisotropic two-
dimensional non-Hermitian harmonic oscillator and graphics for the specific heat
and for the entropy of both oscillators compared with several experiments in Ref. 56,

the classical mechanics in the curved space and Bohr-Sommerfeld quantization3?

and a particle confined in a bidimensional box within a generalized space.>”

The main purpose of this paper is to study the Klein-Gordon and Dirac oscil-
lators with a uniform electric field analytically in the context of this new type
of EUP using the displacement operator method. To the best of our knowledge,
no relativistic problem has been studied within this framework of the translation
operator. Consequently, our attempt is to approach this new type of EUP for a
relativistic problem and to study the influence of this deformation on the properties
of the systems, such as the confinement phenomenon and energy value of the Stark
shift.

The rest of the paper is organized as follows. In Sec. 2, we give the exact solution
of the Klein—Gordon oscillator equation with a uniform electric field. The case of
the Dirac oscillator with a uniform electric field is treated in Sec. 3. Some limiting
cases of both solutions are also studied using the special values of the physical
parameters.

2. Klein—Gordon Oscillator Equation with a Uniform Electric Field

In regular space, the Klein—-Gordon oscillator subject to an electric field Okg in
one-dimensional space is defined by

Oxay(x) = [(p+ imwi)(p — imwz) + m® — (E — ¢e2)?]¢p(x) =0,  (9)
which can be written as
{p* + (m*w? — e*)a® + imwlz, p| + 2e Ex — (E*> — m?) }y(z) =0, (10)

where ¢ is the electrical charge and ¢ is the intensity of electric field. Note that we
use the units where h =c = 1.

The continuity equation can be deduced from the modified Klein—-Gordon equa-
tion (9) and its conjugate by the relation,

dp
E"‘DVJV =0, (11)
with
p=1i(V OV — V9, U"), (12)
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and J, is the modified current density:

Jy = —i(\I/*(l—l—’ya:)ili—i —\Il(l—l—’ya:)dd\l;*) . (13)
In order to solve Eq. (10)), we use the transformation,
u=(1+n~z), (14)
and using the representations (6) and (3), Eq. (10) becomes
{d_2 2d (l_(m2w2—52)+@ (E2—m2)>1
du?  udu 4 4 ~3 ~?
+ <72(m2°;i_ ) . % - f—f) i L omie) _VTQWQ) }wu) 0. (15)

Introducing the notations

0=- —
4 A4 ~3 42 ;
_(2(mPw? —€?)  mw  2eE
n= por s ) (16)
2,2 _ -2
(= % with mw > ¢,
we get
2 )
w”+5w’+<ﬁ+g—@>w—o. (17)

To simplify Eq. (17), we introduce
P(u) = u’ exp(—Cu)F (u), ur—y=2Cu, (18)

where o is a constant to be determined later. After using (18), the differential
equation (17) will reduce to the equation of the associated Laguerre polynomials

Ly (y),

d? d 1 1
— 2 2) —y|—+ - -1)+2 0+ —=n—2¢—2 =0.
Vg + 12042~y lo(e — 1)+ 20 +8]+ 5ol - 20— 200] | F () =0
(19)
We impose the constraint,
olo—1)+204+6=0, (20)
to eliminate the coefficient proportional to i, and
~ln - 2¢ — 20|
—I[n—2¢—2(c] =n,
2" (21)

20+2=k+1.
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The relation (20) leads to the following expressions for o:

1 1 202 —¢2  2F
op=—=—4— m2_E2+u__€. (22)
2
2 v o 0l

Among these two solutions, the physically acceptable one is only o . To extract the
energy spectrum, we substitute the expression (22) into the first relation of (21).
Then it is straightforward to show that

E* = —220 [(2n+1)Q—1] j:Q\/mQ +mw|(2n+1)Q—1] — 7ZQ[(sz nN-—1J2,
(23)

with Q = 7W We should note that the expression of energy spectrum
contains all corrections of all orders of (¢7y)2. This is related to the exact contribution
to the Stark effect in this framework of the deformation. On the other hand, it varies
by the power of n2, which explains the confinement phenomenon. For large values
of n, the square of the energy spectrum (E)? becomes negative. Thus, in order to
ensure the positivity of the square of the energy, one must impose an upper bound
on the allowed values of n.
Expanding up to the first order in v2, we obtain

£y
EY = £0/m2 m+1D0 -1 - ——
Vm? +m(2n+1)Q - 1] - ——

[(2n + 1)Q — 1]

Y2Q[2n + 1) —1]2
8v/m2 +mw[2n+ 1)Q — 1]

(24)

The first term in (24) is the energy spectrum of the usual Klein-Gordon oscillator
subject to the uniform electric field. The second and the third terms represent the
quantum fluctuations due to the new type of EUP. It is remarkable that the expres-
sion of the energy spectrum contains additional deformed correction terms depend-
ing on the deformation parameter v, ¥? and with powers in n?, which explains the
phenomenon of confinement. We can see that the energy spectrum in the context
of this deformation is smaller than the energy in the ordinary case.

Solving Eq. (9) along with the relations (18), (19) and (22), we obtain the final
form of the wave function in the former variable x as

- 2,2 .2 b
m27E2+7n w < _2Ee

D@ = N1 + ) Y LI

xw%_%ﬂﬁwi§m+w@

%\/m2,E2+m2L222f527255 9
<L, (3<Ww—ém+w0, (25)
:

and N, is a normalization constant.
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Fig. 1. (ET versus n) for e = 0 (Klein-Gordon oscillator).

0 10 20 30 40 50

|[— =00 ¥=05——7y=-0.5

Fig. 2. (ET versus n) for ¢ = 1 (Klein-Gordon oscillator).

We can present our results graphically for some numerical values of the physical
parameters. We will take m = 1 and w = 10 in our analysis. We will plot the curves
only for ET as the curves for E~ do not show a different physical behavior.

In Fig. 1, we plot the energy levels as a function of quantum number n for
various values of v and for ¢ = 0. We see that the values for nonzero v coincide.
If we take a fixed but nonzero ¢ as in Fig. 2, we find that the energy behavior is
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Fig. 3. (ET versus «) for e = 0 (Klein—Gordon oscillator).

Fig. 4. (E7 versus 7) for € = 9 (Klein-Gordon oscillator).

different. The nonzero electric field yields a physical effect on the system. Figures 3
and 4 show the behavior of the energy for varying v and for a fixed ¢ (we used
e =0 and ¢ = 9, respectively). Here, we see the effect of v on the energy behavior
for some fixed n values.
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2.1. Some special cases

We can consider some special cases for vanishing v and e.
For v = 0, namely, in the absence of deformation, we replace v = 0 in (23):

EE = FQy/m? — mw + (2n + D)mwQ. (26)

The case for € = 0, namely, in the absence of an electric field, implies Q = 1,
and the expression of the energy spectrum (23) becomes

E* = +£y/—2n2 4+ m2 + 2nmw . (27)

In the case where v = ¢ = 0, we have the pure Klein—Gordon oscillator case. This
limit yields

E* = +£Vm? 4 2nmw, (28)

which is in agreement with the result of the ordinary case.

3. Dirac Oscillator Equation with a Uniform Electric Field

The Dirac oscillator with a uniform electric field is defined by the expression,>8:59

[a(p — imwpi) + m]¥(z) = (E — qe2)¥(z), (29)

where ¥(z) = (z;g;) and «, B are the Dirac matrices given by

0&20'2:(? _é) and 6203:(3 _(1)> (30)

Note that we are using the units where (A = ¢ = 1). Using the matrices (30) and
the definition of ¥(z) in Eq. (29), we obtain the system,

{ (pz + imwx)pe = (E —m —ex)d1(x),

. (31)
(pr — imwz)d1 = (E +m — ex)da(x).

Introducing the notation I+ = p, + imwz and M* = E + m — ex, the new form
of the system (31) can be obtained as

{H%(m) =M~ ¢i(z),
H7¢1(£L') = M+¢2(£L')

In order to decouple the above system, we write ¢o in terms of ¢q,
—1
ga(x) = (MT) T ¢y (x), (33)

and we replace it in the first equation as

(32)

T (M) 7' ¢y (2) = M~ (2)
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using
I (M) = (M) 7t [ () T (34)
Then we multiply the whole equation by M on the left to get
[T — MM M [T (M+)‘1]H—]¢1(x) =0, (35)
where [, -] is the commutator between two operators.

We note that the first two terms represent exactly the Klein—Gordon oscillator.
We use

Oke =TT~ — M*M—, (36)
where
Oxa = (P + imw)(p — imwz) +m? — (E — qgei)?, (37)

and the third term characterizes the spinor effect of the particle. Using the defini-
tions, Eq. (35) can be written as

{@KG +(E+m—ex) [(px + imwz), M] (pz — imwx)}qbl () =0.
(38)
By a direct calculation, Eq. (38) becomes
{ore = a2, ima) fn(a) =0, 39

where we used Eq. (3).
To solve Eq. (39), we use the change of variable (14). Then we obtain

d? 2 1 d n nmw 1 ) T 9
{W+(a+r_u)@+a+7m+ﬁ+m‘< }"51(“)—0’

(40)
where
5o L (m2w? — %)  2¢E  (E%? —m?)
4 v 3 2
_(2(mPw? —€?)  mw 2B
(T
1 mw
T = 5~ 7 ) (41)
[(m2w? — €2)
=Y T with mw>e,
Y
E
po YEFM
€
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In order to simplify Eq. (40), we introduce
¢1(u) = u? exp(—Cu)G(u), (42)

where o is a constant to be determined letter. We obtain

2
{d—+<20+2+ ! —2§> d + 1( (0 —=1)4+20+90)

du? U r—u du

mw

1 1 1
+ E(—ZCO’—!—H—QC)—!— m<7 —C> + m(U‘FT)}G(U) =0. (43)

To reduce this equation to a class of known differential equation with a polynomial
solution, we need to eliminate the coefficient proportional to u_12 We impose

olo—1)+204+6=0, (44)
and this leads to the expression

1 1 202 —¢2  2F
op=—=4— m2_E2+u__€. (45)
2
2 v o v

Among these two solutions, the physically acceptable one is only o, and the second
solution leads to a nonphysical wave function. We introduce z = % , then Eq. (43)
takes the form

d? 20 + 2 1 d
{@*(—z ‘2_1‘2“)(7
—2r(c+m —2r(+o+7T —IEtr(—0o—T
GRS nz ¢ )+( ALY )}G(z)

=0, (46)

which is the confluent Heun differential equation.%%:%1 Let us denote the confluent
Heun function by Hg, then the solutions can be written as

G(z) = C1Hc(a,b,c,d e, z) + Cyexp(b)He(a, —b, ¢, d, e, z) (47)

9 'yE—i—m +1> /m%ﬂ—eQ)7
2,,2 2
—2\/m2+mw <E+ ) c= -2,
(48)
2

() ()

e:_(MH)(M @_@)yn_;f
£ ¥

with

74 72 73 +1.
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Then, the final expression for ¢1(z) is

o1(x) = (1 +vz)7 exp(—C(1 + vx)) {ClHC <a, b,c,d, e, M)

+ Cy exp(—b)He (a, —b,c,d,e, “%‘ﬂﬂ . (49)

Using the relation (33) and the expression of ¢;(z), we also find

—1

02() = g o

((1 + /\a:)% + % + mwa:) o1(x). (50)

In order to have a polynomial solution for the confluent Heun equation, we need to
cut the series which are given by the recurrence relation. For a polynomial solution

of degree N, we impose,°

c_i+b+c
a 2

+N+1=0. (51)

Using the condition (51) and replacing the parameters a, b and ¢ by their expressions
(48), we finally get the following energy spectrum

QN
E* = —ey—— + Qy/m2 + 2mwQN —42Q2N2?  with
mw
2.2 _ 2
o Vmier =) (52)
mw

In this case, one notes practically the same remarks of the Klein—Gordon oscillator
case. The expression of the energy spectrum contains all corrections of all orders
of (e7)?. This is related with the exact contribution to the Stark effect in this
deformation framework and it varies with the power of N2, which explains the
confinement phenomenon. For large values of N, the square of the energy spectrum
(E)? becomes negative and, in order to ensure positivity of the square of the energy,
one must impose an upper bound on the allowed values of N.
Expanding the energy spectrum up to first order in 2, we obtain

E* = £Qv/m?2 + 2mwQN — E’YQ—N F PN . (53)
mw  2v/m?2 + 2mwQN
The first term in (53) is the energy spectrum of the usual Dirac oscillator subject
to a uniform electric field. The second and the third terms represent the quantum
fluctuations due to the new type of EUP.
We can also present our results for the Dirac oscillator graphically for some

numerical values of the physical parameters. We will take m = 1 and w = 10 in
our analysis. We will plot the curves only for ET as the curves for E~ do not show
different physical behavior. One can easily see that the energy behavior is the same
as in the Klein—Gordon oscillator case.
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Fig. 5. (BT versus N) for e = 0 (Dirac oscillator).

Fig. 6. (E* versus N) for e = 1 (Dirac oscillator).

In Fig. 5, we plot the energy levels as a function of quantum number N for
various values of v and for ¢ = 0. We see that the values for nonzero v coincide.
If we take a fixed but nonzero ¢ as in Fig. 6, we find that the energy behavior is
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|—N=1----- N=2 — —N=3]

Fig. 7. (ET versus «) for e = 0 (Dirac oscillator).

[—N=1----- N=2 — — N=3]

Fig. 8. (E7 versus v) for e = 9 (Dirac oscillator).

different. The nonzero electric field yields a physical effect on the system. Figures 7
and 8 show the behavior of the energy for varying v and for a fixed ¢ (we used
e =0 and ¢ = 9, respectively). Here, we see the effect of v on the energy behavior
for some fixed N values.
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3.1. Some special cases

We will consider some special cases for vanishing v and €.
For v = 0, namely, in the absence of deformation, we replace v = 0 in (52):

E* = £Qvm2 + 2mwQN . (54)

The case for € = 0, namely, in the absence of an electric field, implies Q = 1,
and the expression of the energy spectrum (52) becomes

E* = +£/m2 + 2mwN — 42N2, (55)

In the case where v = ¢ = 0, we have the pure Dirac oscillator case. This limit
yields

E=+vm?2+2Nmw, (56)

which is in agreement with the result of the ordinary case.

4. Conclusion

In this paper, we studied the exact solutions of one-dimensional Klein—Gordon and
Dirac oscillators subject to a uniform electric field in the context of the new type
of the EUP using the displacement operator method.

The energy eigenvalues and eigenfunctions are determined for both cases. In
the Klein—Gordon oscillator case, the wave functions are expressed in terms of
the associated Laguerre polynomials and in the Dirac oscillator case, the wave
functions are obtained in terms of the confluent Heun functions. In the latter case,
the energy eigenvalues are obtained by the polynomial reduction of the confluent
Heun functions.

The analytical expression of the energy spectrum contains corrections of all
orders of (e7)?. This is related to the exact contribution to the Stark effect in
this deformation framework and it varies with the power of n2, which explains the
confinement phenomenon. For large values of n, the square of the energy spectrum
(F)? becomes negative and, in order to ensure positivity of the square of the energy,
one must impose an upper bound on the allowed values of n. The energy eigenvalues
are plotted as a function of n for various numerical values of the parameter v in
order to show our result graphically.

The limiting cases are also studied using the special values of the physical param-
eters for both the Klein—Gordon and Dirac oscillator. It is remarkable that the
results obtained in this context of the displacement operator can be interpreted
as the case of systems with variable masses depending on the position. This study
really needs more details, which will form the goal of a future project.
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Abstract In this letter, we present the exact solution of the three-dimensional Klein—Gordon oscillator on
the (anti)-de Sitter spaces, the energy spectrum and the associated wave functions are extracted and the wave
functions are expressed according to the Jacobi polynomial. On the other hand, we have investigated the three-
dimensional the Klein—Gordon equation with a Coulomb plus scalar potential, we use the perturbation theory
to calculate corrections to the spectrum in this framework of the extended uncertainty principle.

1 Introduction

Quantum field theory is the unfinished coronation of quantum mechanics and the laws of relativity. In spite of the
exploit of its experimental predictions, it remains full of divergences which one could not eliminate except by
methods of regularization mathematics and physical renormalization. Moreover, with the developments of new
theories such as string theory [ 1], black hole physics [2], and quantum gravity [3], it turns out that a fundamental
minimal length is required in a more unifying approach to existing physical interactions. The minimal length
approach is one that best approximates the explicit computations and generalization of this quantum field theory
to include the gravitational field. In addition, the existence of a minimal length leads to generalized uncertainty
principle(GUP) [4-6] and modifies the canonical Heisenberg algebra to a non-canonical one. Mignemi in
these research works [7,8] showed that it can be derived from the definition of quantum mechanics on a de
Sitter background with a suitably chosen parametrization, that is, the Heisenberg uncertainty principle should
be modified in a (anti)- de Sitter background by introducing corrections proportional to the cosmological
constant A = -5, where R < 0 for de Sitter space-time, and R*> > 0 for anti-de Sitter space-time [9].
This modification was called extended uncertainty principle (EUP), it can be achieved by modifying the usual
canonical commutation relations.

Over past decades, the implications of this (EUP) hypothesis have developed significantly and many works
are examined for quantum mechanics and classical on the background (anti) -de Sitter [9-17].

In this analysis, first we are interested to study two fundamental problems of quantum mechanics in the
context of (anti)-de Sitter spaces :
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— To establish the exact solutions of the (1 + 3)-dimensional Klein—Gordon oscillator.

— To determine the corrections to the spectrum of the Klein—Gordon equation for the coulomb plus scalar
potentials using the perturbation theory. This gives rise to the appearance of a minimal uncertainty in
momentum. On the other, we also study the effect of the deformation and the changes made to relativistic
system in the framework of the extended uncertainty principle.

The outline of this letter is organized as follows: In Sect. 1, we give brief reminder of de Sitter and anti
de Sitter space. In Sect. 2, we study the (1 + 3)-dimensional Klein—Gordon oscillator. In Sect. 3, we present
the perturbative calculation of the spectrum of 3-dimensional hydrogen atom .

2 Review of the Deformed Quantum Mechanics Relation: de Sitter and Anti-de Sitter Spaces

The extended uncertainty principle (EUP) can be obtained from the definition of quantum mechanics on (anti)
de sitter space-time. It is well known that (anti)-de Sitter space-time can be realized as a hyperboloid of equation
nabg"g” = +R? embedded in five-dimensional Minkowski space with coordinates ¢“(a =0, 1, 2, 3,4) and
metric ngp = diag (1,—1,—1, —1, £1), when R — oo the de Sitter (dS) invariant special relativity (SR)
will be reduced to ordinary special relativity [18]

ds® = napd®dcb = By, (x)dxPdx’; p=v=0;1;2;3, (1)
where the parametrization of the hyperboloid is given by projective (Beltrami) coordinates [19,20],

Su
L4

NerxZx’ xHxV?
B* (x) = (1 - T) (UW —r ) (3)

is Beltrami metric. Note that, the Beltrami coordinate system, is similar to the Minkowski one in a flat space-
time, and the Beltrami de sitter (Bd S) space-time is the dS space-time with Beltrami metric. The generators
of de Sitter in Beltrami coordinates and the momentum operators satisty the following commutation relations
[7,8,21-23]

2)

Xy =

and

[J;w, Jop] =i (nupJ;ur - nvojup + murva - ny.p-]wr) , 4)
i J
wos Pp| =1 (MuoPv — MopPu)s | Pu»Pv] = l_ﬂzvs )
vl = ) Do) =2
and
Lo o] = (m, + 52) s [riem] =0, (©)

where © v =0,1,2,3 and J,, are the generators of Lorentz transformations given by J,, = X, py — Xy py
In the theory of SR on (A)dS space-time there are two universal parameters: the speed of light ¢ and the
cosmological constant A [18].
The non-relativistic modified commutation relations leading to the extended commutation relations, is
given by [12]

Xj, Pe]=ih(8jx +aX;Xk),
Xj, Xi| =0, (M
Pj, P] = ihaLj,

where j,k = 1,2,3, Ljp = X P, — X P}, and « being the constant deformation parameter, where « is a
positive parameter proportional to the cosmological constant or inversely proportional to the square of the
anti-de Sitter radius (« = H? : H? is the Hubble rate) [24], and in the limit @« —> 0, we recover the canonical
commutation relations from standard quantum mechanics.
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As the case of ordinary quantum mechanics, the commutation relation (7) lead to the following extended
uncertainty principle (EUP)

h 2
(AX) (AP) = 5 (14 a(AX)%), ®)

which implies the appearance of a nonzero minimal uncertainty in momentum. The minimization of (8) with
respect to AX; gives

(AP pin = ﬁ\/&, vV k. )
The most representation of the position and momentum operators obeying relation (7) is given by
h 9
Xi=x;; Pi=—(8ij toxixj) —, 10
i i i ; ( ij +ox; j) dx; (10)

where the operators x; and p; satisfy the canonical commutation relation [x,-, p j] = ihd;;. Using the sym-
metrically condition of the operators of position and momentum, the modified scalar product can be written
as

d’r .
@ 1v) = / " (O Y (1) wherer =) x7. (11)
(1+ar?) i=1
Now, the extended uncertainty principle for the de Sitter space, which can be constructed by replacing
o —> —a, in this case and contrary to the previous case, we will have,

(AX) (AP) = ; (1—a(aX)?). (12)

let’s notice this relation does not give the minimal uncertainty in momentum, we get

AP; 1 AP;)? AP ! AP)?
_(ah)_& ot h2) S(AXi)S—%+&\/“+%' (13)

and in the limit (A P;) — 0 the space become finite —JL& < (AX;) < \/L&
A representation of X; and P; that satisfies for the de Sitter space, may be taken as
0

h
X,‘ = Xi, Pi = 7 (8ij —ocx,-xj) E (14)

In the following section, we examine the Klein Gordon oscillator and The Klein—-Gordon equation with a
Coulomb plus scalar potential in anti-de Sitter space. we put (A =c = 1)

3 (1+3)-Dimensional Klein Gordon Oscillator in AdS Space

In this section, we are interested in solving the (1 + 3)-dimensional Klein Gordon oscillator, in position
space with deformed commutation relations. In this case, the stationary equation describing the Klein Gordon
oscillator in (1 + 3)-dimension is given by

[(E* —m?) — (P + imor) (P — imwr)] @ (r) = 0, (15)

where m is the rest mass, and w is the classical frequency of the oscillator.
Applying the definition of the position and momentum operators reported in Sect. (2), the momentum
squared operator can be expressed as

a1 2 g L2
P2=—|:(1+Otr2)a—ri| —;(1+Otl"2)a—r+r_2 (16)
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and the Klein Gordon oscillator equation (15) can be rewritten as the following differential equation:

(m2 - E2) d = {|:(l + otrz) aa—r]z + % (1+ oerz) % — I;—Zz —m?&*r* + mo 3+ oerz) d(@). (17)
Thus, it’s appropriate to split the energy eigenfunction @ into a radial part and an angular part as:
@ (r) = Rue (r) Yem (0, 9), (18)
where Y, ¢ are the eigenfunction of the angular part.

LY (0, 9) =L(E+1) Ym0, 0) (19)

This allows us to rewrite Eq. (17) as

d1* 2 d (+1
(1 +Olr2) — | +- (1 +OH’2) — = # — m?0?r? + moar? + E> — m* + 3mw Ry (r) =0.
dr r dr r

(20)
To solve this equation, we begin by making the following change of variable
Vap = tan~! ar, (21)

which maps the interval » €]0, oo[ to p €]0, ﬁa[ and brings Eq. (20) to the following form

d? 2 a d  al(+1) mow ) 5,
— + — - —mw(——l)tan ap)+ E-—m” +3mw | R =0.
|:a?/o2 tan (ap) dp  tan? (Jap) o (Ver) n.e (P)
(22)
To eliminate the first derivative, we introduce the following ansatz
_ P dt
Rue(p)=e V) @i g, (o). (23)

after some manipulation, we obtain

> al(+1) maw ) s 5 B

Introducing now the following change of function

gn.e (p) = sin™! (Vap) cos” (Vap) Fue (), (25)

where o is a constant to be determined letter. By means of the substitution given in Eq. (25), the last differential
equation (24) take the following form:

2
L +2Ja (tarf@gp) — o tan (ﬁp)) 4o (20 +3)
+ot[a(o —1) — ”%(@— 1)]tan2(ﬁp)+E2—m2+3mw—€a

o

} Fue (p) =0. (26)

To eliminate the term tan? (ﬁ p) by demanding

0(0—1)—?(%—1):0, 27)

then it leads to the following expression of o

oy =—,0_=1——. (28)
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Among these two solutions, the physically acceptable one is only o, the second solution leads to a non
physically acceptable wave function. Then Eq. (26) simplifies to

d? e+1 mow d s,
—+2 _ = — — =20 E- — —al | Fy, =0. 29
|:d,02 +2Ja (tan Vap) @ an (ﬁp)) 0 mo + m-—a 2 (p) (29)

At this stage, we introduce another change of variable defined by

n = 2sin* (Vap) — L.with — 1 <n =<1 (30)
the Eq. (29) reduces to
(1 2) d2+<£ me <£+mw+2> >d+E2—m2—a£—26ma) Fr o) = 0.G1)
7 dn? o o 7 dn 4o n &3] =S

which is exactly the Jacobi polynomials differential equation Pn(a’b) (n) whose parameters a and b are given
by imposing the following constraint

E? —m? — ol — 2mo

—n(i+a+b+1), 32)
4o
mo Loyl (33)
a=— — —; = —.
o 2 2

where 7 is non-negative integer and the solution can be written in terms of Jacobi polynomials as

mo 1 1
T‘THE)

Fue () = Pn< (. (34)

Using the the former variable r, we will have the following final form of the wave function @ :

l mo 1,1 2_q

r o or

one o " pl 2)( 2) Yom 6, 9). (35)
(1 +ar2)ﬂ+§ 1 + ar

where C is the normalization constant.
To determine the expressions of the energy spectrum of Klein Gordon oscillator , using the condition (32)
and replacing the parameters a, and b by their expressions (33), we finally get the following result

EFAS — L /m2 4 2mo 2n+0) +adn(n+1+ 1) +1], (36)

n,l

where + denotes the positive (negative) energy solutions associated respectively with the particle and the
antiparticle for relativistic quantum systems.
Notice that the energy levels depend on the quantum number n and n? and for large n it is asymptotic to

EXALS 5 42 Jan, (37)

This effect is due to the modification of the Heisenberg algebra. As a result, we remark that for a fixed

value of n, the energy E:lr fds increases monotonically with the increase of the EUP parameter «. Expanding

the expression of the energy levels to first order in o, we obtain

o (4n(n+l+1)+l)> (38)

EFAS = £ /m? + 2mw2n+0) [ 14+ =
nl vm me (2n + £) 2 (m? + 2mow (2n + 0))

The first term is the energy spectrum of the ordinary 3d Klein—-Gordon oscillator, while the second term is
the corrections brought about by the existence of nonzero minimal uncertainty in momentum, and when we
study the limit « — 0, we obtain

EEMS = £/m? + 2mw (2n + 0) (39)
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which is the same result in ordinary case. Before finishing this section, let us see the influence of the EUP in
d S on the energy eigenvalues (@ — —a«) and by the same steps and same techniques, we arrive

E4S = £/m? +2mo Qn+ 0 —aldn (1 + 1+ 1)+ 11, (40

. 2 .
In this case, for large values of n, the square of the energy spectrum (E ,‘fi) becomes negative. In order
to ensure positivity of the the square of the energy, one must impose an upper bound on the allowed values n
and /.

4 The Klein—-Gordon Equation with a Coulomb Plus Scalar Potential in AdS Space

The hydrogen atom is a fundamental problem of quantum mechanics; it is of considerable importance in
atomic and molecular physics. it allows to understand the spectra of hydrogenoids and to explain the structure
of the energy levels and the spectra of the atoms in the case of models with independent electrons or approach of
an average field. Furthermore, the hydrogen atom has grown enormously;especially in the context of deformed
algebras and several papers have been studied. In non relativistic case, the spectrum and eigenfunctions in
the momentum representation for 1D Coulomb-like potential with deformed Heisenberg algebra are found
exactly in [25,26], for higher dimensions, the problem becomes complicated, only perturbative solutions have
been found [27-30]. On the contrary, in the case of relativistic quantum mechanics, no study is presented,
accordingly, our attempt through this letter will be addressed the problem in question for the case of the Klein
Gordon equation in the framework of anti-de Sitter spaces.

To study the eigenvalue problem for hydrogen atom in 3-dimensional case we start considering a standard
Hamiltonian:

{P? + (M + Vs(r)? — (E + Vo ()} ¥(x) =0 (41)

J

\/ 23:1 sz satisfy deformed commutation relation (7). The Coulomb potential and the scalar potential are
taken as

where M and E denote the mass and the energy of the particle, respectively and r = ./ 23-: | X? and P =

N

V. Vo
Vi) =—— Vo) =—-— (42)

The scalar potential is added to the mass term in the Klein Gordon equation and may be understood as an
effective position-dependent mass, which is of considerable significance in various areas of physics, citing for
instance quantum well and quantum dots [31-33], in the description of electronic properties and band structure
of semiconductor heterostructures [34,35], ...etc.

Now, we apply the definition for X ; and P; (10) reported in Sect. 2, the momentum squared operator (16)
can be expressed

2 2
2 212 d 2 0 2 2 0 L
P =—(14ar) m—(l—}—ar)Zarg—;(l—l-ar)E—i-r—z, (43)
if we expand (43) at the first order in o, we have
3 2 a L?
2 _ 2 2 2
P _—(1+2ar)m—;(l+2ar)a—r+r—2+(’)(a), (44)

therefore, the Klein Gordon equation (41) can be written as follows

or? ar r

2 2 2 2
{—(1-1—204;’2)3——%(1+2ar2)i+f—2+<M—E> —(E—i—%) }¢/(r)=0, (45)

or as follows ;

32+2a ey a2+2a +L2+ Y Vi)’ E+V”21p(r) 0. @6
=+ 20r | — 4+ -—— — -] - — =0,
ar2  ror arz  ror r2 r r
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and using this replacement

0 20 197

F iz, 47
a2 rar  ror2 “7)

the Eq. (46) becomes

1 92 1 92 L2 Vi\? V)2

To solve this equation, using this separate form ;

R*(r)

r

¥ (r) = Yim (0, 9). (49)

where Y; ,, (6, ¢) are spherical harmonics, eigenvectors of the orbital kinetic moment
1
L*Yim 8, 9) = €(+ 1) Y1 (6, ) = (k2 - Z) Yin (0, 9) (50)

withk =1+ % Substitution (49) and (50) into Eq. (48), We obtain the radial equation of the Klein—Gordon
equation in AdS space:

2 kKr+vi-vyz-1 2(MV, + EV, d?
|: + z v 4 —i—(Mz—Ez)—g—Zozr2 (—)+0(a2) R%(r) =0,

S dr? r2 r dr?
(51
which can be written as
[Ho +aW + O («?)] R*(r) = 0. (52)

with Hyp represents the undisturbed Hamiltonian corresponds to the ordinary case o = 0 of the Klein—Gordon
equation for Hydrogen atom with scalar potential given by

2 K+ vi-vi-1 2 (MVy + EVy)

Hy=—-—— M*— ¥ s T 53
0 dr? r2 + ( ) r (53)
and W is the disturbed Hamiltonian
d2
W=—2r"—. 54
d dr? (54)

To simplify the shape of Hy and W , introducing this notation
EV,+ MV 1
p= ot M i vE_v2o - anda=VM?_E2, (55)
M2 — E2 A v 2
we will then have

d? v(iv+1 2a
Ho= -t 20 (56)
dr r r

and the new the expression form for W,
W = —2v(v+1)+2r% (Hy — a®) + 4rap. (57)

We have used (53).

In order to study the influence of this deformation on the energy levels of the hydrogen atom we will
consider the term oo W as perturbation in ordinary quantum mechanics. Therefore, the perturbation theory can
be used to calculate the correction to the energy levels of the hydrogen atom in the first-order in « and to avoid
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complex spectra, subsequently, we consider the case of the weak Coulomb potential such that k> + Vs2 - sz > 0,
otherwise the solution becomes oscillatory .

Now, for @« = 0, the exact solution of the ordinary Klein Gordon equation for Hydrogen atom can be
found in [36,37]. The eigenvalues and the corresponding normalized eigenfunctions expressed according to
Laguerre’s polynomial are given by

n\I'Qv +2)
lF(Zv +24+n')

where N,/ is normalization constant determined by this condition

RY, (r) = Ny Qar)' T e L2 (2ar) (58)

f R% (RS, (rdr = 1. (59)
By using the recursion relation for Laguerre polynomials [38]
L2 =24+ v+ DL -+ DL — (420 + DL (60)
and
r 1
4> = /x“e*XLg (0 L% (x)dx = 1Tt D 61)
n!

where d,f is the square of the norm of LY (x), the normalized radial functions are

RO, (r) = an’t Qar)"*' e L2 (2ar) (62)
v w+n+1DTCQRv+2+n) n

and the corresponding energy spectrum, eigenvalues of the radial part of the Klein—Gordon equation with a
Coulomb potential and scalar potential is deducted by this condition 8 —v — 1 = n’.

1
_ ViV, ViV, \> VvZ-p2]|?
=0+ sYv sYv
EV =M{-——* ( 5 2) -5 . (63)
Vi+B Vi+ B Vi+B
or
1
2 2 212
_ V.V, vV, V2 —1
EZZOZE:M _ s Vo zi < s Vv 2) Y (v+n )2 ’ (64)
’ VZ+@w+n-1I) VZ+@w+n-—1I) VZ+@w+n-1I)

where we have introduced the principal quantum number : n =n' +1 + 1.
Now, to determine the correction of the energy levels associated with the disturbed Hamiltonian W (57)
due to the anti-de sitter space-time, we use the first-order perturbation theory in the deformation parameter c,

aEM = a/R,‘j;"(r) (W) R, (r)dr
=« [—2\1 wv+1) < r©® - +4ap < rD > 242 < @ >] (65)
where

<rm 5 /rng}*(r)Rgl(r)dr. (66)

For the calculation of expectation of value of < ™ >, we take advantage of the properties (60) and (61)
and a straightforward and long calculation leads to
<r® =1

JUC) R /rRST(V)RSI(r)dr = saot B0 +n =D —v (@ + D] 67)

<r® >= /r2R27<r)R2,(r)dr =52 [50+n—D*+1-3v v+ D]
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Then the first order of the perturbation theory takes this form
eEY =a[w+n—D*—v@+1) —1]

1 2
=a{<,/k2+Vs2—Vv —§+n—l)
2 2 2 ! 2 2 2 1
— (k& +VI-Vi -3 vk HVP-Vit S ) -1 (68)

which represents the quantum fluctuations due to the extended uncertainty principle on (anti) -de sitter space-
time, depending on the powers in n?, explains the phenomenon of confinement and the expression of the
hydrogen atom energy levels is modified as

Vs Vy

2
V24 (VEFVE=VE=L4n—1)
VsVy
1 2
2+ (VEFVI=VE—L4n-1)
1
272
Vf—(,/k2+V32—Vv—%—|—n—l)
V2 Rryz_y2z_1 _12
24 (VREFVZ-VvE-Ltqn

| 2
+a{< k2+VS2—VU2—§+n—l)
1 1
_( kz_,_vsz_vl)z_E)( k2+VS2—V3+§)—1}+0(062)- (69)

In this last expression of the spectrum (69), we notice that the spectrum energy on anti-de Sitter is bigger than
the energy in ordinary case. Before concluding this paragraph, we would like to see the influence of space
dS on the eigenvalues of the system (¢ — —a«). By the same steps, the energy eigenvalues of the system will
have the following form

AdSEa:t —ml_
nt —

ViV

2
V24 (VIRHVI=VE =L 4n-1)
- 2
ViV

| 2
Vv2+( k2+vs2—vv2—§+n—l)
2
vf—( k2+VSZ—VU—%+n—l)
| 2
v3+( k2+vs2—vv2—j+n—l)
1 2
—aK k2+VSZ—V3—§+n—l>
1 1 2
- (yervi-vi- o) (YR vi-vie D) -1 o). (70)

In this case, we can see that the energy spectrum (70) on the de Sitter space is smaller than the energy in
ordinary case.

ds pat __
En’z =M3-

1
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5 Conclusion

In this contribution, we have investigated the three-dimensional Klein—Gordon oscillator and the Klein—Gordon
equation with a Coulomb plus scalar potential in the context of quantum deformations for the (anti)- de Sitter
algebras. For the 3-dimensionals Klein—Gordon oscillator, according to the symmetry of the system, we used the
adequate radial representation and some change of variables, the problem has been converted to a differential
equation of type Jacobi polynomials. The energy eigenvalues and their corresponding eigenfunctions are
exactly and analytically obtained . For the case of the Klein—Gordon equation for hydrogen atom, the problem
is complicated and in order to determine energy spectra, the perturbation theory has been applied to calculate
the correction to the energy levels in the first-order in «. In both problem, we show that the spectrum energy
on anti-de Sitter is bigger than the energy in ordinary case contrariwise in ds space , the energy spectrum is
smaller than the energy in ordinary case.
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Abstract

Our thesis is essentially composed of two parts.
- Inthe first part, some problems are presented via the direct method of equations such:

In the context of new type of the extended uncertainty principle, using the displacement
operator method, the exact solution of the Klein Gordon equation is given in the following
cases: in a one dimensional box, with linear vector and scalar potentials and in mixed
Coulomb-type vector and scalar potentials. The one-dimensional Klein-Gordon and Dirac
oscillators subject to a uniform electric field.

In the context of the deformed Snyder-de Sitter model, the three-dimensional Klein-
Gordon oscillator and the Klein-Gordon equation with a Coulomb plus scalar potential are
traited.

- The second part is devoted especially to supersymmetric path integrals approach within
the framework of the EUP to establish the function of Green for the oscillator of Dirac to (1
+ 1) dimension. Following the global representation and Schwinger's proper time method,
Green's causal function is obtained. By an adequate choice of the discretization of the
measure and of the action, the appropriate quantum fluctuations are determined, and with
the help of appropriate transformations, the propagator has converted to the case of the
standard problem of the Poschl-Teller potential.

In all cases, the energy spectra and the corresponding wave functions are exactly and
analytically determined and the obtained results agree with those of the literature . Also
the limiting cases are considered.

Keywords: Deformed algebra, Path integral approach, Minimal length, Displacement
Operator, The Translation Operator, Klein-Gorden and Dirac Oscillateurs.



Résumé
Notre these est composée essentiellement de deux parties.

- Dans la premiere partie, certains problemes de la mécanique quantique realtiviste avec
et sans spin sont présentés via la méthode directe des équations ;tels que:

Dans le contexte d'un nouveau type de principe d'incertitude étendue, en utilisant la
méthode de I'opérateur de déplacement, la solution exacte et analytique de I'équation de
Klein Gordon est donnée dans les cas suivants:

Particule confinée dans une boite, potentiels scalaire et vectoriel de types lineaires et
Coulombiens. Les oscillateurs Klein-Gordon et Dirac soumis a un champ électrique
uniforme.

Dans le contexte du modele déformé de Snyder-de Sitter, I'oscillateur tridimensionnel de
Klein-Gordon et I'équation de Klein-Gordon en présence du potentiel Coulombien sont
traités.

- Alors |la deuxieme partie est consacrée spécialement a I'approche des intégrales de
chemins supersymétriques dans le cadre de I'EUP pour établir la fonction de Green pour
I'oscillateur de Dirac a (1+1) dimension. Suite a la représentation globale et la méthode du
temps propre de Schwinger, la fonction causale de Green est obtenue. Par un choix
adéquat de la discrétisation de la mesure et de I'action, les fluctuations quantiques
appropriées sont déterminées, et a I'aide de transformations appropriées, le propagateur
s'est converti au cas du probleme standard du potentiel de Poschl-Teller.

Dans tous les cas, les spectres énergétiques et les fonctions d'onde associées sont
exactement déterminés et concordent avec ceux de la littérature. Les cas particuliers sont
aussi considérés.

Mots-clés : Algebre déformée, Approche des intégrales de chemins supersymétriques,
Longueur minimale, Opérateur de déplacement, Klein-Gorden et Dirac Oscillateurs.
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